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B nanHoii paboTe paccMarpuBaeTcsi MPOKCHMaTbHBIN OBICTPBIN IpaTueHTHBIN MeToa MoHTeipo — CBaliTepa
(2013 1), B KOTOPOM HCIIONB3YETCS! OJUH Iar Merona HploToHa I MPUOIMKEHHOTO PElIeHUs] BCIOMOTaTelb-
HOM 3a/1auu Ha KaXJOW UTepaluy NpoKcUManbHOro Meroaa. Meron Montelipo — CBaiitepa sIBIsieTCS ONTHMAb-
HBIM (TI0 YHCITy BBIYMCICHHH TPaJUEHTa M TeCCHaHa ONTHUMHU3HPYEMOH (yHKLIUM) U JOCTATOYHO IIAJKUX 3a-
Jad BBIMYKJIOM ONTHMH3ALUM B KJIACCE METOJOB, HUCIIOIB3YIOIIMX TOJNBKO TPAJANCHT U TE€CCHaH ONTUMH3HpPYE-
MO (yHKIMH. 3a CcUeT 3aMeHbI Iara Merosa HploToOHa Ha mIar HeZaBHO MPENIOKEHHOTO TEH30PHOTO METoza
10. E. Hectepora (2018 1), a Takxke 3a CYET CIIENUAILHOTO 0000IIEHHs YCIOBUS MOAO0pa 1iara B MPOKCUMAaJIb-
HOM BHEIIHEM OBICTPOM I'PaJMEHTHOM METOE YAAJIOCh IPEUIOKNUTD ONTHMAIBHBIH TEH30PHBIH METOJ], HCIOJIb-
3yIOIIUI cTaplue Npou3BOJHbIE. B 4aCTHOCTH, TaKOH TEH30PHBINH METOJ, HCIOIb3YIOMIUNA TPOU3BOAHBIE 10 TPe-
TBETO TOPSAKA BKIIOYUTEIBHO, 0Ka3ajcs JOCTATOUYHO NMPAKTUYHBIM BBHUIY CIIOKHOCTH MTEPALUH, CONOCTaBUMON
CO CJIOKHOCTBIO HTepaiuu Merona HerotoHa. Takum 00pa3oM, MOMydeHO KOHCTPYKTUBHOE PEIIeHHE 3a/1a4H, H0-
crasienHoi 0. E. HectepoBeim B 2018 1., 00 ycTpaHeHHn 3a30pa B TOYHBIX HW)KHHX M 3aBBINICHHBIX BEPXHHX
OLIEHKaX CKOPOCTU CXOAMMOCTH Il UMEIOIINXCS Ha JAHHBIA MOMEHT TEH30PHBIX METOJOB Mopsaka p > 3.
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In this work we consider Monteiro — Svaiter accelerated hybrid proximal extragradient (A-HPE) framework
and accelerated Newton proximal extragradient (A-NPE) framework. The last framework contains an optimal
method for rather smooth convex optimization problems with second-order oracle. We generalize A-NPE
framework for higher order derivative oracle (schemes). We replace Newton’s type step in A-NPE that was used
for auxiliary problem by Newton’s regularized (tensor) type step (Yu. Nesterov, 2018). Moreover we generalize
large step A-HPE/A-NPE framework by replacing Monteiro — Svaiter’s large step condition so that this framework
could work for high-order schemes. The main contribution of the paper is as follows: we propose optimal high-
order methods for convex optimization problems. As far as we know for that moment there exist only zero, first
and second order optimal methods that work according to the lower bounds. For higher order schemes there
exists a gap between the lower bounds (Arjevani, Shamir, Shiff, 2017) and existing high-order (tensor) methods
(Nesterov—Polyak, 2006; Yu. Nesterov, 2008; M. Baes, 2009; Yu. Nesterov, 2018). Asymptotically the ratio of the
rates of convergences for the best existing methods and lower bounds is about 1.5. In this work we eliminate this
gap and show that lower bounds are tight. We also consider rather smooth strongly convex optimization problems
and show how to generalize the proposed methods to this case. The basic idea is to use restart technique until
iteration sequence reach the region of quadratic convergence of Newton method and then use Newton method.
One can show that the considered method converges with optimal rates up to a logarithmic factor. Note, that
proposed in this work technique can be generalized in the case when we can’t solve auxiliary problem exactly,
moreover we can’t even calculate the derivatives of the functional exactly. Moreover, the proposed technique can
be generalized to the composite optimization problems and in particular to the constraint convex optimization
problems. We also formulate a list of open questions that arise around the main result of this paper (optimal
universal method of high order e.t.c.).
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BBenenue

B pabore paccMmarpuBaeTcs 3a1ada BBIITYKIOH 0€3yCIOBHOM ONTHMU3AIMN
(x) — min. 1
f min (M
IIpenmonaraercs, 4To

[VfO) =V @, < Mylly—xll. xyeR', M,<co, r=012....

VYenosue x,y € R" MOXHO 3aMEHUTH YCJIOBHEM X,y € {z eR": f(<f (xo)} (Ha camoM Jerne, W 3TO

yCIIOBHE MOXHO 0cabuth aHanormuno §2 [Tachuxos, 2017]), e x°

yto V' f (y) — TeH3op panra r. B wactHocTH,

V2 f(x) = {av f(x)/axj} = ||<92f(x)/r9xif9xj'||

n n
J= i,j=1

— TOYKa CTapTa. 3aMeTHM,

— Marpuna ['ecce nBaxkpl riankod GyHKIUEM f(x). AHAJOTHYHO MOXKHO OIPEICIUTh
r+1 _ r n
v f(x) = {0V f(x)/axj}jzl.
[TosicHuM, 4TO MOHUMAETCS MO 2-HOPMOM OT TeH30pa. OrpaHUYMMCcs cllydaeMm r = 2, Toraa

V2100 = |6 rofoxox]|

i,j=
V2 £ ) = V2 £, = sup - sup ((V2F 0) = V20 ], o) =

lhilb<1 lh2ll2<1

= sup sup <(V2f - sz(x)) hl’h2> -

a1l <1 lik2ll2<1
= max { A (V£ 09 = V2100). [ (V2 0) = P27 ).

1€ Amax ) ¥ Apin () — MaKCUMaNbHOE U MUHHMAJIbHOE COOCTBEHHOE 3HAYEHUE COOTBETCTBYIOIIEH Mat-
purel. B obmem ciaygae cM. [Baes, 2009]. OtmeTum Takxke, 9to mpH 7 = 0 Vof(x) =f(x), alllL =1l

Lens maHHOM pabOTH — MPEIIOKUTh ONTUMAIBLHBIC (TCH30PHBIC) YUCICHHBIE METOMBI PEIICHUS
3amaun (1), UCTIONB3YIOMINE CTApIITNE MMPOU3BOTHBIC ONMTHMH3UpyeMol (HyHKITMH. ONTHMAaIbHOCTD T10-
HuMaeTcs B cmbiciae Hemuposckoro —HOnuna [Hemuposckuit, FOaun, 1979] (cM. Taxke criemyronimit
MTyHKT).

Okazasoce, 4TO TOCTPOCHUE ONTHUMANBHBIX YUCICHHBIX METOJOB BBIMYKIOW ONTHUMHU3ALUU BbI-
COKOI'O MOPSJIKa BCEIIeNIO 3aBsA3aHO HA MJICI0 YCKOPEHHs MeTO/I0B nepBoro nopsaka [Hecrepos, 2010;
Monteiro, Svaiter, 2013; Nesterov, 2018b]. [Ipyrumu ciioBaMu, MOTEHIUAIIA, COACPIKAIICTOCS B OObIU-
HOM OBICTPOM TPATUEHTHOM METOIe (ONTHMAIbHOM METO/E, paboTaromuM ¢ WHGOpMAITUEH TepBOro
MOPSI/IKA: TPAJIUCHT U 3HAYCHUE ONTUMU3UPYEMO# (YHKIIMH), OKa3ajoCh JIOCTATOYHO, YTOOBI Ha €ro
OCHOBE CTPOWUTH ONTHMAJIEHBIC METOIBI BBICOKOTO TIOPSIKA, WCITONB3YIOIINE CTAPIIHE MPOU3BOIHBIC
onruMu3upyemMor (pyHKIMU. Ha Ham B3DIsAA, IMEHHO 3TO HAONIONCHHE IPEACTABISAET HAMOONBITHI
MHTEpeC B JJaHHOH padore.

(I)OpMy.IIl/IPOBKa InnoTe3bl

Jns kmacca METOHOB, Y KOTOPBIX Ha KaKAOH utepanuu paspemaercs He Oonee yem O (1) pas
obpamatecs K opakyiny (mommporpamme) 3a V' f(x), r < 1, orneHka gncia urepanuii N, HeoOOXOIMMBIX
JUISL TOCTHIKCHUSI TOYHOCTH pelleHus 3a1adu & (1o GpyHKIum):

() =min f00) = £ (") = f () < e,
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OyleT UMEeTh BUJI

2p2 12
O(min nln(g), MoR , (MIRZ) ], (2

e &2 e

rme R = ||)cO — Xy, — PAcCTOSIHUE OT TOYKM CTapTa O 1o pemenus x., Af = f (xo) — f(x). Ecim
peleHne He eIWHCTBEHHO, TO B OMPEAEIeHUH R 10X X, MOKHO IIOHMMAaTh PacCTOSHUE A0 (€BKIIMIO-
BO#1) mpoekiuu Touky x’ Ha MHOKECTBO pemieHuil. JaHHAs OleHKA B OOIIEM CIlydae He MOXKET OBITh
VIIy4IlleHa, JJaXe €CJIM JIOMOJHUTENbHO U3BECTHO, YTO My < oo, M3 < oo, ... [Hemuposckuii, FOauH,
1979]. Ipu stom omenka (2) nocruraercs [Hemuposckuii, FOnun, 1979; Hectepos, 2010; Bubeck,
2015; Nemirovski, 2015; Nesterov, 2018b].

B nefictButensHOCTH TIOm M) MOKHO TIOHUMATh MEHBIIYI0 KOHCTAHTY, KOTOpas TOIBKO B XY[-
IeM ciIydae coBmaaaeT ¢ BBelneHHoM B [Nesterov, 2005]. AHamOrH4HOE 3aMeUYaHUue UMEET MECTO U IO
MeTomam 2-ro mopsiaka [Nesterov, Polyak, 2006] (1, BeposiTHO, Oojiee BEICOKOTO TTopsinka). «lIpaBmiis-
HBII» METOA p-ro mopsnaka (p > 1) Ha MEepPBLIX UTEPALUIX «OCYIICCTBISICT) KEIAEMYIO PEIYKIIHIO
(YMeHbIIIeHHE) KOHCTAHT IJIaIKOCTH {M,}f :_g 3a CUeT IMOMaJaHus B HYXXHYIO 00JIaCTh CXOAMMOCTH Me-
Toza (IPUYEM YacTo J0CTAaTOYHO OAHOM mepBoit urepanuu [Nesterov, 2005; Nesterov, Polyak, 2006]).

3amernM, 9TO eciid BMecTo » = 1 mMeer mecto r = (0, TO B IpUBEICHHON OIeHKe (2) Bce apry-
MEHTHl MUHUMYMa CJIelyeT JOMHOKUTh Ha Pa3MEpPHOCTh MpocTpaHcTBa 1 [basununa u np., 2018; Bo-
poHmoBa u np., 2019; I'acaukos, 2017; Hemuposckuii, IOmuH, 1979; Ilporacos, 1996; Dvurechensky,
2017; Nesterov, Spokoiny, 2017]. OTMeTuM TaKke, 4TO Yy U3BECTHBIX CElYac METOJ0B, OTBEYAIOIINX
(C TOYHOCTBIO /10 JOTapU(PMHUUECKOTO MHOXKHTENS) MEPBOMY apryMEHTY MHHHUMYMa, JIOCTaTOYHO JO-
POTOli SBIIAETCSA COCTABIAIOMIAs MTEPALMH, HE CBA3AHHAS C BHIYMCIICHHEM IpaueHTa: > n’ (CM. Tak-
xe [Hemuposckuii, FOnun, 1979; Bubeck, 2015; Lee et al., 2015]).

Jlst k;macca METOIOB, y KOTOPBIX Ha KaKIIOW WTepanmuu pasperraercs He Ooinee gem O (1) pa3
oOpararscs K opakyiy (moamporpaMme) 3a 3HaueHus MU V' f(x), 7 < p, p > 2, olleHKa YHciIa UTEepaLHid,
HEOOXOIMMBIX TSI JOCTHKCHISI TOYHOCTH £ (110 (DYHKITHH ), OYZIET UMETh BT
A ) M(%R2 (1‘41R2)1/2 (M2R3 )2/7 (MpRpH )2/(3P+1)

, , s e

O|min nln(— 5
&

3)

& & & &

I'mmote3a 1 (cm. [['acamkoB, Kopanes, 2018; Arjevani et al., 2017; Nesterov, 2018a]). Cywe-
cmeyem makou OOnycmumbsli aneopumm (ucnoavsyrowui monvko V' f (x), ona ecex r < p), komopwiii
cxooumces coenacro oyenke (3).

Hns cnyvast p = 2 Takoi anropuT™ ObuT mmocTpoeH B pabore [Monteiro, Svaiter, 2013]. Huxe
OyAyT MOCTPOEHBI TaKKMe alTOPUTMBI B O0IIEM cirydae p > 2.

3ameTnM, 4TO B 00IIEM ciIydae oleHKa (3) He MOXKET OBITh yIydIlleHa, JaKe €CIU JOMOTHUTENb-
HO M3BECTHO, 9T0 M| < oo, M5 < oo, ... [Hemmposckui, IOmun, 1979; Arjevani et al., 2017].
OTMmeTuM, 4YTO 3[eCh, TAaK K€ Kak W s rpaaueHTHBIX MeTonoB [Hecrepos, 2010; Bubeck, 2015],
MOYHO CTPOUTh «YHUBEPCAIBHBIC Xy/AIINEe B MUpPEe (PYHKIMHU» B KJIaCCE BBIMYKIIBIX IMOJIMHOMOB CTEIIe-
HU p + 1, KOTOpbIe 0OOOCHOBEIBAIOT, UTO OIleHKa (3) He MokeT OBITh yimydieHa [Arjevani et al., 2017;
Nesterov, 2018a]:

1 n
I = et (A2 = 21, 1per () = —— D i,
i=1

1 -1 0 0
N 0 10 0 0
i (Um 0) o Lo o 0
m 0 I N M — e i e s ieme
e 0 0 -1 00 0 1
0 0 0 1 i
n—m
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Touka cTapTa BeIOMpaercs ciemyromum obpasom: x° = (0,...,0)7, a K1acc JOMyCTHMBIX METONOB
(aIrOpUTMOB) OTIpEnEIIIeTCS YCJ'IOBI/ICM

ley +Zsf ClxeR": x;=0, i=k+2,...,n),

riue
Sf(x):Lin{yx(ao,...,ap;y;q): ap,...,a, €R; y>0; g= 1,2,3,...},
P
yx(ao,...,ap;y;q)eArgirelliRI’} ZarVrf(x)[y—x,...,y—x]+y||y—x||g .
——————
r=0 r

B Theorem 4 [Nesterov, 2018a] 0bUIO MOKa3aHO, YTO YIS BCEX METOJOB M3 OMMCAHHOTO BBIIIE Kiacca
npu N < (n — 1)/2 umeeT MecTo OICHKA

3p MpRp+1
27 (p+ D oy 2y

fon+ (XN) - xnel]g} fove1(x) =

CxeMa onTHMAaJILHOIO MeToaa

Crnenys padote 1O. E. Hecrepora [Nesterov, 2018a], BBenem omeparop

P
1
F : r
T, (€ Al‘g;‘ylelllzrnl rio EV FxX)[y—x,....,y—x]+

r

M p+1
LR @)

BaxxHbIM sBIIsIETCS Ciienyroniee HaOmonerue padotel [Nesterov, 2018a]: s Beimykiion Gyakmun F(x)
CyMMa, BOOOIIIE TOBOPS, HEBBIMYKJIOTO 110 Yy MHOrouieHa Teitnopa:

"
E —V'Fx)|y-x...,y—x]
7l
r=0

r

1 M
(p+ D!

Oyzner BeIyKIo# 1o y dyHkimed. bosiee Toro, nmpu p = 2,3 3ajaua noucka TII; 1 (X) MOXKET OBITH 3~

(hexkTHBHO pemieHa (ajgee 00 3ToM OyJeT HalMCaHO HEMHOTO MOpoOHee). 3aMETHM, YTO UCTIOIB3yeMOoe
3necb M B p pa3 6onbiie M u3 [28].

1
ly=x5™, M >pM,,

Ipennoxenne 1.
1. (Cm. Theorem 1 [Nesterov, 2018a].) 3adaua (4) npu M > pM, saersemcs 3a0aueri 6bINYKAOU
ONMUMUAYUU.

2) (Cm. Lemma 1 [Nesterov, 2018a].) /lna ecex x € R" umeem mecmo cnedyroujee HepageHcmeo:
”VF M(x) ” p H M(x) - x”g.

Tlpu M= pM, (p+ 1)M,,

||VF (r% M(x))H2 |72 0 = 5.

CHavasia B 00X YepTax OIMHUIIEM HACI0 IpepiaraeMoro rmonxona. Ciemyst padore P. MoHTetlipo
u b. Craiitepa [Monteiro, Svaiter, 2013], BBenem cemeiictBo ¢ynkuuii (L > 0 — mapamerp)

L
Frs) = f(0+ 3 llx - 3.

2018, T. 10, Ne 6, C. 737-753
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IMo dynkimu Fy 5(Xx) MOKHO ONPENEIUTh QYHKIHIO

S0 = min Fry 0) = Fro (.0). )

s moGoro L > 0 uMeeT MecTo HEpaBeHCTBO

fr(0) < f(),

npudeM BBITyKIas QyHKIUA f7(x) OymneT uMeTh L-THmmuieB rpaaueHT. Kpome Toro,
x, € Argmin f(x) = x, € Argmin f(x), f1 (x.) = f(x).
XeR” XeR”
Takum 006pazom, BMECTO UCXOAHOMN 3aa4l MOKHO PacCMaTpuBaTh (CIIaXECHHYIO 110 Mopo) 3amaqy

f.(x) = min. (6)

xeR"

3aMeTuM, 4TO _
Vi(x) = L-(x—yL(x).

Ha 3amagy (6) MOXXHO CMOTpeTh Kak Ha OOBIYHYIO 33/1ady IIaJKOW BBIMYKIOH onTuMm3anuu. Cormac-
HO (2) CIOXHOCTB pemieHus 3aaauu (6) (YUCIO BBHIYUCICHUN TpagHeHTa Vﬁ(x), T.€. YUCJO pelle-
HUHW BCITOMOTATEIBHBIX 3a/1ad BUAa (5)) ObICTPBIM TpaaueHTHRIM MeTonoM [Hectepos, 2010; Monteiro,
Svaiter, 2013; Nesterov, 2018b] MOXKHO OIIEHHUTH CIEIYIOLIMM 00Pa30M:

o=

Yem MeHblle BbIOMpaeTcs napamerp L, Tem oueHka (7) Oyder Jydiie, HO NMPH 3TOM TeM CIIOXKHEE
Ha KaXI0HW MTepalliy pellaTb BCIOMOIATEIbHYIO Mon3anady (5), 4ToObl IMOCUUTATH TPAAUEHT Vf:(x)
C HYXXHOW TOYHOCTBIO. Mest moxxoma, Bocxomsiiero k padore [Monteiro, Svaiter, 2013] npu p = 2,
COCTOHUT B CJICAYIOLIEM.

1. Bmecto 3amaqn (6) ¢ GUKCHPOBAaHHBIM L paccCMOTpPETh MapaMeTprudeckoe ceMelcTBo 3aaad (6) co
CreUUabHBIM 00pa3oM yOBIBaIoOILEeH (Ha BHEIIHUX UTEPALUX) IMOcIeoBaTenbHOCThIO {Ly}. Bee
9TH 3a7a9¥ UMEIOT OJMHAKOBBI MHHHMYM X, KOTOPBIA HeoOXoammo HaiiTu. Ha k-if (BHemIHEH)
UTEepaluy OBICTPOrO TPaIUCHTHOTO METO/A UCTIONB3YeTCs Vﬁk(x).

2. Ilpu 5TOM cuutarh TO4HO V f7, (X) HET BO3MOXKHOCTH, IIO3TOMY JUIsl PEIIECHUS 3314t (5) UCIIOIb-

FLk,X
3yeTCs BCETO OJIHA MTepaIus oneparopa (4) Tp oM (x).
> V4

3mech U Be3ae B JalIbHEHIIIEM

P
Fie (1) — aromi Liyr _ S
Tp,pMp(x) - afg ;rel%&ly} Z r! [VZFL’X (Z)]z:xw - (p+ 1!

r

p+1
lly — 3

B pa6ore [Monteiro, Svaiter, 2013] (Proposition 5.2) 6bUT0 MMOKa3aHO, YTO €CIU BMECTO TOYHOTO pe-
menust yz(x) 3amadu (5), A KOTOPOTo ||VF Lx (yL(x))H2 = 0, Ha KaXJ0M BHEIIHEH UTEepaIluu YIacTCs
HAWTH TONIBKO TaKoe pemreHne yy (x), 94ro

L
IVFL GL], < 5 B0 = 2, (8)

KOMIIBIOTEPHBIE UCCIIEJOBAHUSA U MOJAEJUPOBAHUE
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TO OBICTPBIN TPAIUCHTHBIN METOM JJIsl 33a4u (6) (C MOCTOSIHHBIM Ha uTepanusx L) OyaeT Takke cXo-
JUTHCS COINTacHO oreHKe (7), HeCMOTpsI Ha HETOYHOCTh PEIISHHs BCIIOMOTAaTEIbHBIX 3a/1ad Ha KaXKIoi
utepauuu (5). Ouenka (8) COOTBETCTBYET KOHIEMIIUU OTHOCHUTEIBFHOM TOYHOCTH PELICHHS BCIIOMOTa-
TENBHOW 3aJa4yl B MOIYJSPHOM ceifdac crocobe yCKOpeHHsS HEYCKOPEHHBIX METOJO0B KartamucT [Lin
et al., 2018]: u3 ouenku (8) ciexyer, 4YTO

IV f2(x) = Lx =Tl < IVl

Taxxe B pabote [Monteiro, Svaiter, 2013] (Theorem 4.1) 6buTO TTOKa3aHO TIPH p = 2, YTO €CIU OTIOJI-
HUTENBHO C BBIMOJHEHUEM YCIOBUSA (&)

VL (G (¥ H = H—Lk H2 )

yhoaetcs (3a c4eT CHenuaibHOTo moadopa Ly Ha KaXIOoH WTepaluu) emie U 00SCICUUTh BBHIIOTHCHUE
yCIIOBUS

=

2 2’ (10)

TO YHICIIO BHEITHUX UTEPAIMHA TAKOTO METOAA (tmcno pelIeHni BCIIOMOTaTeIbHBIX Mmom3anad (5)) Oymer
OTpeAesThCS oneHKon (3):

2(p+ I)M “_ Hp—l 1

>

1\2/Bp+1)
N
&

YTO CYIIECTBEHHO yayulnaeT oueHky (7) mpu p > 2. Koncranta 1/2 B mpaBoii yactu HepaBeHcTsa (10)
BBIOpaHa ISl OTIPENIeNIEHHOCTH; BaYKHO TOJBKO, YTOOBI 3TO OBLIO YHCio cTporo Menbiee 1. [Ipobmema,
OJTHAKO, B TOM, KaK 00ecleunTh OJHOBPEMEHHOE BhImonHeHue yciopuii (9) u (10). Oka3biBaeTcs, eciau

BEIOHMpAThH .
W () = Ty i, (),

TO COITIAaCHO MPEAITIOJIOXKEHUIO 1

p+ l)M |'3’-Lk (xk) _kap‘

771 G (), < 2

CJ'IG,I[OBaTeJ'IBHO, €CJIX BBIITIOJIHEHO YCJIOBUEC

2(p+ I)M “_

p—1
i () =

<1,
2

10 yenosue (9) Taxke Gyner BemonHeHO. anee 3ametnM, uTo mpu xX # x, HaiijeTcs Takoe, BOOOIIE
TOBOpSI, JOCTATOYHO MajieHbKoe 3HaueHue Ly > 0, 94To

Mt (4o
¥ JI0CTaToOuHO GonbIoe 3HadeHue Ly > 0, uto
et ()41, <

Orcrona, BBUY HENPEPHIBHOH 3aBUCHMOCTH Yr, (xk) oT Ly, umeem, 9to momoOparh Ly, AJs KOTOPO-
ro OymyT OTHOBPEMEHHO BHIIOMHATHCS ycioBHsA (9) m (10), MOXXKHO ¢ TIOMOIIBIO TIPOIEAYPHI BHIA
Ly =21, Ly =Ly / V2. KoneuyHo, ecTh pUCK «IIPOCKOYUTH» HYKHBINA TUATIA30H:

% < 2(P+ M, |rLk xk”];_l <1
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HecnoxHo mokaszarb, 4To HEOOIBLION «IPOCKOK» HE BIUSET Ha CKOPOCTh CXOTUMOCTH (HEMHOTO MO-

I'YT YXYAIIUTbCS TOJBKO YMCIOBBIC MHOMKUTEIM B OLIEHKAax). A €ClIM BCE-TAKM HE XOYETCsl HapyllaTh
4

3TO YCIIOBHE, B TAKOM CJIy4ae MOKHO MpeIyCMOTPETh IPOLEAypy «BO3Bpara» Buaa Ly := V2L u T. .

B TUNUYHBIX CUTyalMss MOKHO O’KHATh, YTO YKCIIO BBI30BOB oreparopa (4) T:;k;;; (xk) Ha OHOU UTe-
pamuu BHemmHero Meroma (OsicTporo rpaaweHTHOr0 Meronma) Oymer O (1). Ilpm 3TOM KakIblii BBI3OB
TaKOTO OIEepaTopa MOPOKAAET CBOIO BBIMYKIYIO 3amauy. CI0KHOCTh pelIeHusl Takoi 3a1adu (T. €. BbI-
qucieHne (4)) ¢ Hy)KHOM TOYHOCTBIO COIOCTaBUMA MPHU p = 2,3 M0 00beMy BBIYHCICHHH CO CIIOXK-
HOCTBIO uTepanuu Metona Heiotona (B [Nesterov, 2018a] mpemiaracTcsi OCyIIECTBISITh BHIYUCICHUE

[Vg Frx (z)]z_)C [y = x,y — x,y — x] ¢ nomorusio aBromMaTnueckoro qupGpepeHmpoBanus), T. €. OleHHBa-

r
eTCs Kak 6(n2'37) [["acaukoB, 2017; Kopmen u ap., 2009; Nesterov, 2018a; Nesterov, Polyak, 2006],

e O = O ¢ TOYHOCTBIO 110 norapupmuyeckux MHOuTenen. Takxke monbop mapamerpa Ly MOXHO
OCYIIECTBIATH ToH00HO Tporieaype Line search u3 padotsr [Monteiro, Svaiter, 2013] (item 7).

[IpuBenem Teneps cam aaroputm (Meton Montelipo—Caaiitepa—HecrepoBa mopsiaka p > 2)
U OCHOBHYIO TeOpeMy JaHHOH pabOThl O CKOPOCTH CXOAMMOCTH NPEUIOKEHHOIO aJIl'OpUTMAa.

AaroputMm 1. Merox Montelipo — Caiitepa— Hecreposa

Input: ugy, yg — cTaproBsie Touku; N — uncio urepanuii; Ag = 0
Output: yV
1: fork=0,1,2,...,N—1do
2:  BpiOpars L; Tak, 9TOOBI BBINOJHSIOCH yclIoBHE (ycioBue MonTeipo—Caaiitepa [Monteiro,
Svaiter, 2013] pu p = 2)

2 HM
1<(p+)p

k+1 kyp—1
7 oL Ily Il

IS

14 q4
+ 2 +4Lk

2

1
Ly

Apy] = JAke1 = Ax + aks1, // OTMETHM, 9TO Lka% = A;

Ag ks 1
L
Ak+l Ak+1

— L
yk+l — yLk(xk) =T Ly

oM (xk) // Tenzopwusrii mar FO. E. Hecteposa [Nesterov, 2018a]
> V4

3: uk+l — uk _ ak+1Vf(Yk+l)
4: end for
5: return yV

Teopema 1 (cm. Theorem 6.4 [Monteiro, Svaiter, 2013] ipu p = 2). Onucannomy viuie memooy
Monmeiipo — Ceatimepa — Hecmeposa nopsioka p > 2 015 obecneuenus yciosus

FOY)-ra<e

00CMamo4Ho coelameo f— 2Gp+1)

€

umepayuii. Ha xasicooit umepayuu 6 cpedonem O (1) paz neobxooumo peutams 3a0auy 8bInyKiOU ONMU-
Muzayuu euoa

P
S L F @] =y - e

+—
| = !
—r! z xf (p+ 1)

lly = x5+ — min,
yeR?
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20e L
Fro@=f@+3lk- xlf3 .

Takum obpazom, crodxcrocmos Kadicoou umepayuu npu p = 2,3 cocmasasem O (n2'37).
OCHOBHBIM BKJI4JIOM JTaHHOH paOOTHI SIBIISETCS:

1) 3amena mara metoma HproToHa Ha o0oOmeHHBIH MeTon HproTona—HecrepoBa ¢ perymsipu-
3aIluei;

2) obobmenue ycmoBust MonTeipo — CBaliTepa Ha ciydaid p > 2.

CoueTaHue 3THUX JBYX ITyHKTOB IO3BOJIMJIO MPEUIOKUTH METOABI (Ul Pa3HBIX p > 2), 3aKpBIBAIOLIHE
3a30p (HEeCcOoBMa/leHNe HIKHUX OIEHOK CKOPOCTH CXOMUMOCTH C BEPXHUMH OIEHKAMU IS HAWTYHIITIX
U3BECTHBIX METOJIOB), KOTOPBIH OCTaBaJICs B OLIEHKAX CKOPOCTH CXOJUMOCTH METOJOB BBICOKHUX HOPSII-
KoB Tipu p > 3. bomee Toro, B Bumy [Nesterov, 2018a] (item 5) B ciay4ae p = 3 MOXKXHO OXHIaTh, YTO
IIPEJIOAKEHHBIN BhIle anroputM MonTelipo — Cpaiitepa— HectepoBa, Ha3BaHHBIN B YECTh YUEHBIX, Ha
UIeIX KOTOPBIX OH OBLT TIOCTpOeH, OyAeT 3(QeKTHBHBIM Ha MpaKTHKe JUIA 3a]ad YMEpEHHOH pa3mep-
HocTH n ~ 103-10%.

O0cy:kneHne MoJy4eHHbIX Pe3yabTaToB

Ha momenT nHammcanwmst crateu P. MonTeiipo u b. Cpaiitepom [Monteiro, Svaiter, 2013] B 2011
rogy He ObUIO M3BECTHO pesynbTara, nomyueHHoro lO. E. HecrepoBbiM B koH1e 2017 roma [Nesterov,
2018a], npuBenennoro B npeaioxeHuu 1. [loaromy rcxonusiil BapuaHT metona Monteiipo — CBaiitepa,
OTBEUAIOIIHIA p = 2, BRINISIUT 3HAYUTEIBHO 0OJIee TPOMO3IIKO, YeM NPUBEICHHBIN Bbilie MeTos. Coo-
CTBEHHO, IPUBEICHHBIM BBILIE METON OTIAMYaeTcs oT Merona MonTteiipo—Cpaiitepa TeM, 4TO B IO-
cnemaem Y¥! mepecunthiBancs mcxons u3 mara Merona HeloToHa, a He ¢ momomsio (4). Ilpu p = 2
uTepanus (4) oTBeYaeT Tak Ha3pIBaeMOMY MeToay HbioToHA ¢ KyOmdeckol perymspu3arueii [Nesterov,
Polyak, 2006]. A Bcst mpouieypa oT4acTH HallOMUHAET TEXHUKY KaraiucT [Lin et al., 2018], yckopenus
Pa3NIUYHBIX HEYCKOPEHHBIX METOJIOB, 3a CUeT O0IIel YCKOpeHHOH BHEIIHeH 00omouku. B manHOM city-
yae MBI YCKOPsUIM HEyCKOpeHHble MeTois! Buna (4), npeanoxennsie 1O. E. Hecrepossim B [Nesterov,
2018a] u cxoxsuuecs COnacHO OllEHKaM

MR+
Sl

OTMeTuM, YTO TpH ATOM IpoIeAypa YCKOpeHHs, NMpemiokeHHas B padorax [Baes, 2009; Nesterov,
2008; Nesterov, 2018a], He maeT onTUMaJIbHBIX OLICHOK, a JIaeT OLICHKW BHUJA

1\ /(p+1)
M,RP*
— .
U xots, xak ormeuaercs B [Nesterov, 2008], pazuuiia

[ 2 p—1
p+1 3p+1 (p+DGBp+1)

SIBIIICTCST MAJION BETMIMHON (HAIpuMep, pu p = 3 3Ta pas3Huna paBHsercs 1/20), OTHOIIEHUE CTeTIe-
Hel

1/2 3p+1 3

p+13p+1 2(p+ 1) 2
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MOKA3bIBAET, YTO MOPSAKH (CTENEHM) CXOIUMOCTH OTIMYAIOTCS 3HAYUTENBHO — MPHOIN3UTENBHO
B 1.5 pasza. Takum o0pa3om, [10JIy4E€HHOE B JaHHOH paboTe yIydIICHHE B OLIEHKE CKOPOCTH CXOANMO-
CTH MOXET MPEACTAaBISATh HE TOJIBKO TEOPETUUECKUH MHTEpec, HO M MpakTuieckuii. Bripouem, B pabo-
te [Nesterov, 2008] oTcyTcTByeT HEOOXOAMMOCTE B ITOI00PE Ly, UTO YMEHBIIACT CTONMOCTH UTEPAIlUN
B HECKOJIBKO pa3.

B pabore P.Monreiipo u b. Caiitepa [Monteiro, Svaiter, 2013] npennaraercsi ciocod 0000-
IICHUS

® HA 33/1a4¥ KOMIIO3UTHON ONTHUMHM3ALMHY (a 3HAYUT, M HA 33Ja41 yCIOBHOI ONTHMHU3ALMK HA MHO-
JKECTBAX MPOCTOil cTpykTypsl § 2 [I"acHukos, 2017]);

e Ha ciydaii, koraa V f(y) 3a1aH HETOUHO.

Bce 3T0 MOXKHO (M HECIIOXKHO) MEpeHECTH Ha NPEUIOKCHHBIH B JaHHON padore Meron. OTKpPBHITHIM
SIBJIICTCS] BOIPOC O BO3MOKHOCTH ITEPEHECEHUSI OIIMCAHHOTO B 3TOW paboTe aJropuT™Ma Ha KOHICTIIIUIO
Mozenu GyHKIUH U Oosee o0ILIre HOPMBI/TIPOKC-CTPYKTYphI § 2,3 [[acuukos, 2017], [Hanzely et al.,
2018].

Tak ke kak W AT METONOB 1-TO TOps/AKa, IS ONMHUCAHHOTO BBINIE CEMEHCTBa METOIOB 2-TO
HOpPSIIKA ¥ BBIIIE MOXKHO

e onpoboBaTh paccMaTpUBaTh UX YHUBEpcaibHble BapuaHThl [Grapiglia, Nesterov, 2017];

® paccMaTpuBarh pabOTy METOAOB B YCIOBHSX HAJUUUS IIyMa M Pa3JIMYHbIX KOHLEHIHUNA HETOYHO-
CTH, BO3HHUKAIOIEH MpHU PEIIEHNH BCIOMOTATeNbHBIX 3ajjad Ha Kaxaoi urepauuu [Baes, 2009;
Ghadimi et al., 2017];

e 110IPoOOBATH MEPEHOCUTDH U 3aBA3aHHBIC HA HAJIMYKE [ITYMOB KOHCTPYKIIMU, HATPUMEP KOHCTPYK-
o mini-batching’a [I"acaukos, 2017; Ghadimi et al., 2017].

ITo cyru, koHcTpykiuss Monteiipo — Caiitepa B ucxomHoM BapuanTe [Monteiro, Svaiter, 2013] BbI-
TIOJTHSIJIA POJIb TIPOTICTYPHI TIIO0ATHN3AINKA CXOMUMOCTH st MeTona Herotona [[lenwc, [1Inabens, 1988;
Wsmannos, Conoznos, 2005; Conn et al., 2000; Nocedal, Wright, 2006]. dpyroii crioco0 miobaiu3anuu
cxopuMocTH Metona HeroToHa obecriednBaloT MeTobl BHYTpeHHel Touku HecrepoBa — HemupoBckoro
[Hecrepos, 2010; Bubeck, 2015; Nemirovski, 2015; Nesterov, 2018b]. OneHku, noiny4eHHbIE B TOCIIE/-
HEM TIOJIX0/I€ MPH HEKOTOPHIX JOTIONMHUTENBHBIX MPEINOJI0KEHUIX, MOTYT JOMUHHPOBATh OIEHKH (3).
WHTepecHO ObUIO OBl HA TPAKTHKE COIMOCTABUTH METOJbl BHYTPEHHEH TOYKH C MPE/UIOKSHHBIM B JIaH-
HOU paboTe MeTomoM ¢ p = 3.

B paborax [["acaukos, KoBanes, 2018; Nesterov, 2008; Nesterov, 2018b; Nesterov, Polyak, 2006]
TIpeIIaracTcs Crocod (pecTapThl) IEPEHECCHUS aJITOPUTMOB, paOOTAIONTUX IO OIleHKaM (3), Ha cITydai,
Korza onTuMusupyemas GpyHKuus f(x) sBISAETCS TakKe (-CHIIBHO BBITYKIOH QyHKumel. [TomydenHbie
B pe3yNbTare TaKkoro IMepeHeceHUs] METOIbl PadoTal0T corTacHo cieaytomei ornenke [["acamkos, Kosa-
nes, 2018]:

N

M\F (MoR\F  (M,RP-1\TT (“HZI)H

— p+ Mr

O | min (—1) , (—2) , ,(p—) + min log|log| ——— ,
M M M r=2,....p &€

e [a] = max{l,a}. Beinucannas oneHka He MokeT ObITh ymyuineHa [[‘acHukos, Kosanes, 2018;
Arjevani et al., 2017]. JlelictBuTensHO, U3 olieHKH (3) umeeM

p+1

cM, ||x0 = Xl

NGp+D2
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W3 p-cunpHO BRIMYKIOCTH QyHKUMHU f(X) OTCIOAa HMEEeM

p+1

cM, on = Xe||,

NGp+D2

2

L <F() - F o <

Fey —
2 ”X X

Bribepem N Takum 00pa3oM, YTOOBI

2
5"

- x.

s<g -

JIJ1st 9TOTO IOCTATOYHO CIelaTh
_1\2/GBp+1)
(4M »RP )
u

urepanuid. [Ipornemypy MoXHO TOBTOPHUTEH (pecTapToBarh). PecTapThl 3aKaHYMBAIOTCS B MOMEHT IIO-
naJiaHusi B OKPECTHOCTh KBaJAPaTHYHOH CKOPOCTU CXOOMMOCTH Ajist Metoga HeroTona [Arjevani et al.,
2017]. Ouenum 3Ty okpectHocTh. Hammomuum, uto Metos, HproToHa MMeeT BUT

1 = argmm{f(xk)+(w(xk),x_xk>+§<v2f(xk)(x_xk),x_xk>} -

=[] e ()

CJICO0BATCIIBHO,

[0 (5], = (|9 (41) = 9 () = P2 () (41 = )|, < a1 = 2 =

, =

= [ ()] v ()] < " or (o)
@l <t = Sl -sB s -reo< g @l < s

3HAYUT, OKPECTHOCTh KBaJIPATUYHOM CKOPOCTH CXOIUMOCTH COJEPKUT OTKPBITHIH IIap:

2

=
M;

2
llx = x.ll5 <

Taxkum 00pa3zoM, YUCIIO PEeCTapTOB MOXKHO OIIEHUTH CBEPXY CIIEIYIOIIUM 00pa3oM:

M3R?
log, 5 .
o)

Bwmecro merona HeroToHa 3/1€Ch MOXKHO OBIIIO OBI HCITOB30BAaTh METOBI O0Jiee BHICOKOTO TIOPSIIKA CXO-
mumoctH [[acaukos, 2017; EBrymienko, 2013; Nesterov, Polyak, 2006]. [Tpu nonaianuu B OKPECTHOCTb
CBEPXJIMHEHHON (KBaJIpaTHYHOW, KyONMYECKOH | T. JI.) CKOPOCTH CXOJMMOCTH TaKUX METOIOB JKellaemast
OTHOCHTEJIbHAsE TOYHOCTH 10 (PYHKIMK € OyJeT JOCTUTHYyTa nocie ~ loglog (5‘1) [EBTymenko, 2013;
Hemuposckuit, FOmun, 1979; Arjevani et al., 2017] TOnoTHUTETHBIX HTEpAHA (OCHOBAHUS Jorapug-
MOB 3aBHUCST OT IOPSAAKA BEIOPAHHOTO METOJA).

Crnenys [Nesterov, 2018b] (item 5.2.3), MOXKHO IPOBECTU MPOJICIIAHHBIC BBIIIE BBIKJIAJKH HEMHO-
TO MO-AIPyroMy. A UMEHHO, U3

p+1

cM, on = X5

NGp+D2
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U [{-CWJIBHO BBITYKJIOCTH QYHKIHMH f(X) nMeeM

M, |0 - x| 2oy
f (XN) A pN(3p+l)/2 — < ’u(p+l)/2N(3p+f)/2 (f (xo) = f(x)

)(p+1)/2

Bribepem N Takum 00pa3oM, YTOOBI

2Ap+D2 Mp

)(p+1)/2
uP+H2NGp+1)/2

(£ () = £ )™ <20 () = F e,

———
Af

I[J'IH 9TOI'0 JOCTAaTOYHO CACIAaTh

_ 2/3p+1)
2(p+3)/2 Mp A f(p /2
,u(p+1)/2

utepanuii. [Ipomemypy MOXHO TTOBTOPUTE (pecTapToBaTh). Takmm oOpazoM,
MpRp_l 2/(3p+1) MpAf(p_l)/z 2/3p+1)
0 - O||———— .
U

L(P+D72
O,Z[H&KO TaKOI\/'I nepexon MOXKHO 6I:IHO 6]:1 caeciarb U HpO].LIC, 3aM€CTHUB, 4YTO BBI/I,Z[y /l-CI/IJILHO BLIHyKJIOCTI/I
¢ynxumnn f(x)

2

£ , < F(2%) = £ = Af.

2 _ M0
ER —2||x Xy

RP1 < (2Af/,u)(p_l)/2 )

Kak u oxxupmanocs, ounenka u3 [Nesterov, 2018b] (item 5.2.3) cOOTBETCTBYET MPUBEICHHON BBIIIE OLICH-
ke [["acHukoB, KoBanes, 2018; Arjevani et al., 2017].

CxeMma 10ka3arejibCTBa OCHOBHOM Teopembl 1

ChopmynmupyeM HEOOXOIMMEIC B AallbHEHIIEM pe3yiIbTaThl, MOJydeHHBIE B [Monteiro, Svaiter,
2013] npu 0> = 1/4 (cm. 0o603HaueHns pabotel [Monteiro, Svaiter, 2013]).

AnaroputMm 2. Metox MonTeiipo — CBaiitepa

Input: ugy, yg — cTapToBsie Touku; N — uncio urepanuii; Ag = 0
Output: yV
1: fork=0,1,2,...,N—1do
2. Bwibpars Li u y**! tax, uto ”VF Lok (yk“)Hz < % Hyk“ - xk”2 (ycnoBue MownTeiipo — CBaiiTepa)

hing:|
YL+ 1L} + 444/ Ly

Ayl = > s Akl = Ap t iy,

k Ax k+ ak+1uk
Agy1 Ar

X

3: uk+l — uk _ ak+lvf (yk+l)
4: end for
5: return yV
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Teopema 2 (cm. Theorem 3.6 [Monteiro, Svaiter, 2013]). s nocredosamenvrocmu {xk, N uk},
eenepupyemoti memooom Moumeiipo — Ceatimepa, cnpasednusvl ciedyrouue HepaseHCcmed.

1 1< . 1 R?
3 i = x. §+AN (O = r )+ 2 ;AkLk—l [y = 1”2 <3 [|+° = x. i == (Db
FON)-F < L [ = x.||, <R, (12)
245 2
N
> AL [ - 21 < 282, (13)
k=1

lloxazamenvcmeo. Hanbomnee BaXHBIM pe3yJIETAaTOM B Teopeme 2 siBisercs omeHka (11). Ona
YTOUHSIET aHAIOTUYHYIO OIEHKY CKOPOCTH CXOJMMOCTH JUII OOBIYHOTO (HE TPOKCHMAIIBHOTO) OBICTPOTO
rpagueHTHoro Merona (cM., Harpumep, [Hecrepos, 2010; Nesterov, 2018b]) 3a cuetr Hanmu4us B J€BOI
gacTu HepaBeHcTBa (11) cymmel Buma jeBoil yacTu HepaBeHcTBa (13). IMeHHO 3TOT «OOHYC» M HaeT
BO3MOYKHOCTb JUISl «UTPBI» Ha BBIOOpE Lj Tak, 4ToObI YIy4dIIUTh OLEHKY (7), nomydaemyro u3 (12) npu
CTaHAapTHOM BBIOOpe L; = L. 3ameTuM Taxke, uto HepaBeHCTBA (12), (13) SBIAIOTCS TPHUBHAIBHBIMHU
CIIEICTBUSIMU OCHOBHOTO HepaBeHcTBa (11). m|

Ipennoxenue 2 (cm. Lemma 3.7a [Monteiro, Svaiter, 2013]). /[na nocredosamenrvrhocmu
{Ak, Ly}, eenepupyemoti memoodom Moumeiipo — Ceatimepa, cnpageonuso ciedyioujee HepageHcmeso:

(& 1Y
AN>Z[Z —Lk_l]‘ (14)

k=1

Jloxazamenvcmeo. Hepasenctso (14) cnenyert u3

L2 + (112 + 4A/L, | n

A+l = > = Gkt Z 5t [T

2
_ [Ac 4 1 1
A1 =Ar+ap = Ar + Lk+2Lk>(VAk+2\/L_k)' O

[Ipeanonoxum, uto B anropurme Monreiipo — CBaiitepa yaaeTcs AOMOIHUTEIBHO MPH 1MOA00-
pe Ly u y**! obecrieunBars BeIMONHEHME ycoBus Trna (10):

[T p-1

L—kHy -5 =6, >0 (15)
Oro ycnosue ObuIO BBeneHO B [Monteiro, Svaiter, 2013] (item 4) npu p = 2 u Ha3BaHO YCIOBHEM
«mmuHHOTO mara». ®opmyna (15) mpencrariser coboli ecrecTBeHHOE 0000IIEHHE 3TOTO YCIOBHS Ha
ciydait p > 2.

Jlemma 1 (cm. Lemma 4.2 [Monteiro, Svaiter, 2013] npu p = 2). /s nocredosamenvrocmu
{Ax, Ly}, eenepupyemott memooom Monumetipo — Ceatimepa 6 npeononiodicerult, 4mo Ha Kaxcoou umepa-
yuu yoaemes max nodobpame Liy*™!, umo donornumenvmo evinonnsemcs ycnosue (10), cnpaseonuso
cnedyroujee HepaseHcmeo:

p+l

ALl < 2R, (16)

M=

k=1
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p+l

Joxazamenvcmeo. HeiictButensno, w3 (13), (15) cuemyer 91’ I Z AkLk 1 <

N N\ N
<& n (2 bt =10 = 3 Ackic [P -1 < 28% -

Jliist Toro 94ToOBI MOHATH, Kak ycioBue (16) MOKET MOBIHATH HA OICHKY (14), ompeneIsronyio
CKopocTh cxoaumocTH Metoaa (cM. (12)), chopmynupyeM CIEIyIOUIYIO JIEMMY.

Jlemma 2 (cm. Lemma A.1 [Monteiro, Svaiter, 2013] mpu p = 2). Ilycme cnpagedaugo nepa-

sencmeo (16) ¢ Ay = 0.
3p+l
2(p+1)

1

+1 -1
L, @ § AT (17)
L p-1
=1 k=1 (2R2)2%+D \}

N

Jokazamenvcmeo. Benem HOBBIE TIEpeMEHHBIE 7; = | / VLj;_1 ¥ pacCMOTPHUM CJIEIYIONIYIO 3a-
Jlaqy BBIMYKJION ONTHUMHU3AIUU:

N
ZZk—> min (18)
N

> Az <C
k=1

rae cortacHo (16)
p+1

20T
T C =2R°6 rT1,
p—

y=12

3agady (18) MOXKHO SIBHO PELIMTH € MOMOLIBIO PUHIMIIA MHOXKHTENEH Jlarpanxka BBULy cenapadelisb-
HOH CTPYKTYpbI (h)YHKIIMOHAJIA U OTPAaHUYCHU:

N 1y

LS 7| 4
Tk = EZIA] Ak .
J=

CraemoBarenbHO,
y+1
N N 1 Y

. Z —WZAIZTI

pp C k= =1
= O
[TockonbKy UTOTOBBIN pesynbraT (TeopeMa 1) chopmynuposan B kareropusix O (), To manee s
HaIBIIHOCTH U COKPAIIEHMsI BBIKJIAJOK PACCyXICHHs OyayT IPOBOIUTHCS B TAKUX XKE KAaTETOPHSIX.
OTMeTHM, 4TO BCE 3TO MOXKHO CJAEJATh C SIBHBIM BBIITMCBIBAHUEM UHCIIOBBIX MHOKHUTENEH (CM., HAalpH-
Mep, [Monteiro, Svaiter, 2013] (item 4)).

Urak, u3 (14) u (17) umeem, 9To
. N -1 \P*D
Ay>C- ZA;P“ . (19)
k=1

IonGepem Takoit 8 > 0, utobsl 111 Ay ~ NP npapas gacth HepaBeHcTBa (19) acHMNITOTHUYECKH Bela
cebst kak ~ NP. Jlna storo Bocronbzyemes hopmyitoii Ditnepa — Maknopena [Tensdons, 1959]:

p—1

+l ~ Nﬂ"ip+1

Mz

k=1
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Takum oOpa3om, ypaBHeHHE Ha 8 OyIeT UMETh BUA

p—1 p+1
+1= ,
'83]7 +1 '83]7 +1
OTKyZa MOYXHO TIOJYYHTb, YTO
= 3p+1
==

Ha 6a3e aroro nHabmonenus 0ojee akKypaTHbIe paccyXaeHus (cM., Hanpumep, [Monteiro, Svaiter, 2013]
(item 4) mpu p = 2) MO3BOJIIOT CTPOTO JTOKA3aTh CIACHYIONTHH (DaKT.

Mpennoxenue 3. Cywecmseyem maxas uucrosas kowcmanwma ¢ > 0, umo onsa ao6oeo N =
=1,2,3,... epinoansemcs Hepagencmao

C 3p+1
2

Ay > ——
N7 MR-

(20)

Coueranne oreHok (14), (20), BMecTe ¢ aHanm3oM mara Ter3opHoro meroma lO. E. Hectepora
u3 padotsl [Nesterov, 2018a]:

yk+1 _ yLk (xk) _ TFLM]‘ (xk),

P.PM,

C TOMOIIBIO MpeUIoKeHHsT | (COOTBETCTBYIOIINE PACCY)KICHMsI OBLIIM MPOBEIEHB! B 1. 3 BBIIIE) JOKa-
3bIBaE€T OCHOBHYIO TeopeMy .

ABTops!l BelpaxkatoT 6rmarogapHocts lO. E. HectepoBy 3a neHHoe oOcykaeHue pe3yabTaToB pa-
6oter [Nesterov, 2018a].
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