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One of the destroying natural processes is the initiation of the regional seismic activity. It leads to a large 

number of human deaths. Much effort has been made to develop precise and robust methods for the estimation of 
the seismic stability of buildings. One of the most common approaches is the natural frequency method. The 
obvious drawback of this approach is a low precision due to the model oversimplification. The other method is 
a detailed simulation of dynamic processes using the finite-element method. Unfortunately, the quality of simu-
lations is not enough due to the difficulty of setting the correct free boundary condition. That is why the devel-
opment of new numerical methods for seismic stability problems is a high priority nowadays. 

The present work is devoted to the study of spatial dynamic processes occurring in geological medium dur-
ing an earthquake. We describe a method for simulating seismic wave propagation from the hypocenter to the 
day surface. To describe physical processes, we use a system of partial differential equations for a linearly elastic 
body of the second order, which is solved numerically by a grid-characteristic method on parallelepiped meshes. 
The widely used geological hypocenter model, called the “double-couple” model, was incorporated into this nu-
merical algorithm. In this case, any heterogeneities, such as geological layers with curvilinear boundaries, gas 
and fluid-filled cracks, fault planes, etc., may be explicitly taken into account. 

In this paper, seismic waves emitted during the earthquake initiation process are numerically simulated. 
Two different models are used: the homogeneous half-space and the multilayered geological massif with the day 
surface. All of their parameters are set based on previously published scientific articles. The adequate coinci-
dence of the simulation results is obtained. And discrepancies may be explained by differences in numerical 
methods used. The numerical approach described can be extended to more complex physical models of geologi-
cal media. 
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Introduction 

With the development of modern high performance computing systems scientists and engineers 
have got an opportunity to simulate complex applied problems in real scale. One of the destroying 
natural processes is the initiation of the regional seismic activity. The gradual accumulation of stresses 
in the geological massif is changed to a sharp slippage along the existing fault. This leads to a large 
number of human deaths. Considerable effort has gone into developing precise and robust methods for 
the estimation of the seismic stability of buildings. 

One of the most common approaches is the natural frequency method [Fajfar, 2018]. The com-
plex geometry of the building is simulated by the set of springs and masses. For this equivalent system 
all natural frequencies are calculated. And the seismic resistance estimation is based on the distance 
from characteristic frequencies of regional sources to the simulated spectrum. The obvious drawback 
of this approach is a low precision due to the model oversimplification. The other method is a detailed 
simulation of dynamic processes with the finite element method [Koketsu et al., 2004]. Recently it has 
been successfully combined with some of statistical estimations [Hariri-Ardebili et al., 2018]. The 
quality of simulations is not enough due to the difficulty of setting the correct free boundary condition. 

It should be noted that wave processes must be described by a hyperbolic system of equations. 
The grid-characteristic method was developed for the numerical solution of this type of systems. Ini-
tially it was widely used for gas dynamic problems. Later it was successfully adopted for the dynamic 
elastic problem. It was used to simulate seismic responses from different geological structures 
[Golubev, Khokhlov, 2018]. Preliminary attempts with the simple source model were made to simu-
late earthquake problems [Beklemysheva et al., 2018]. 

In this report we present the results of application of the advanced source model [Aki, 1980] to 
the simulation of the seismic initiation process using the grid-characteristic method. The method pro-
posed was successfully applied to multi-layered geological models. The results of numerical simula-
tions were compared with data obtained by other authors. They are in a good agreement in general. 
Some discrepancies may be explained by differences in numerical methods used and some inaccuracy 
of calculation parameters in publications. 

Mathematical Model and Numerical Method 

The description of the dynamic behavior of the geological massif under the earthquake load in 
a far field is based on the system of equations of linear elasticity theory. It consists of the second 
Hooke’s law and rheological relationships between stresses and strains. We have decided to highlight 
all heterogeneities explicitly, so the background model is homogeneous and isotropic, and these 
equations are valid: 
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t x y z
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where σ  is the stress tensor, ε  is the strain tensor, iv is the component of the velocity vector, and i  
and j  are equal to { , , }.x y z  
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The procedure of the individual layer description was described and verified in [Golubev et al., 
2017]. The general approach allows us to describe also geological fractures with arbitrary orientation 
and geometry [Golubev, Khokhlov, 2018]. To solve the governing system of equations, the grid-
characteristic method on structured meshes was used [Khokhlov, Golubev, 2019]. The system (1)–(4) 
can be rewritten in a different canonical form with the vector . u  of unknowns 

 0.x y z
u u u uA A A
t x y z

∂ ∂ ∂ ∂
+ + + =

∂ ∂ ∂ ∂
 (5) 

After splitting the system (5) along coordinate directions the eigenvalues and eigenvectors can be 
found analytically. And along the characteristic curves these equations will be transformed as 

 1Ω ΛΩ 0,u u
t ξ

−∂ ∂
+ =

∂ ∂
 (6) 

 Λ 0.q q
t ξ

∂ ∂
+ =

∂ ∂
 (7) 

The system (7) is a set of transport equations with constant parameters. It is solved with 3rd order 
in space in time using the Rusanov scheme. At the final stage, the vector u  is calculated from the 
vector q  multiplied by the matrix 1Ω− . Due to the high computational complexity of the problem, 
parallel technologies MPI and OpenMP are intensively used. 

One of the major questions is the mathematical model of the source. Previously the “slip along 
the fault” model was successfully used to describe dynamic processes in the 3D geological medium 
[Golubev, Golubeva, 2018]. In this model the crack plane exists for a long period of time. At some 
instant, due to an increase in regional stresses, the smallest movement occurs. One part of the massif 
moves with the constant vector V , and the second part, with the opposite vector V− . Three 
independent angles are necessary to specify the model uniquely (see Fig. 1, left). The magnitude of V  
can be estimated based on the day surface displacement map. 

  

Fig. 1. The hypocenter model, called “the slip along the fault” (left) and “double-couple model” (right) 

The drawback of this approach is the existence of many parameters (sizes of the region with the 
nonzero V  vector) that cannot be easily estimated. 

There is another widespread earthquake source model, the so-called “double-couple model” [Aki, 
1980; Frankel, 1993]. The seismic moment tensor may be defined as 

 ( ) ( )0( ) * ,ij i j j iM t M t n d n d= +  (8) 

where n  is the normal to the existing crack plane, d  is the displacement vector, ( )0M t  is the earth-
quake magnitude with the dependence on time. To set this source correctly inside our spatial mesh, we 
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have to apply a set of force vectors in special nodes (see Fig. 1, right). If the hypocenter has coordi-
nates ( , , ),i j k  then 

 4
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By construction, it is obvious that the sum of all forces is zero and the total moment vector is  
zero too. So, no constant shift or rotation is applied to the medium volume. The usage of the 
different ( )0M t  can influence the magnitude and the spectrum of the emitted seismic signal. 

Simulation Results 

Firstly, we have decided to validate the results of our numerical simulations with those obtained 
previously by Arthur Frankel for the 3D model of San Bernardino Valley [Frankel, 1993]. The rela-
tively small size of the San Bernardino basin made it feasible to use a 3D simulation of frequencies of 
engineering significance. A 3D finite-difference scheme in terms of displacements was used. It was 
accurate to fourth order in space and to second order in time. An elastic attenuation was not included 
in the simulation, absorbing boundary conditions were applied on all sides of the grid, except for the 
free surface. The size of the domain was 37 × 16 × 7 km. The source was placed at a depth of 6 km, at 
the point (20 km, 14 km, 1 km). The “double-couple model” was used with the Gauss time depend-

ence: ( )
2( 1.5)

0.25
t

f t e
−

= . The fault orientation was (0, –1, 0) and the slip direction was (1, 0, 0). All pa-
rameters were chosen for the M5 earthquake simulation. The parallelepiped mesh with spatial size 
100 m was generated. The time step was 12 ms and a total of 48 s was simulated. Elastic parameters 
of layers are shown in Table 1 and are based on the paper [Frankel, 1993]. To compare the results, the 
X-component of the velocity vector was measured at the point (20 km, 6.3 km) at the day surface. The 
model and source and receiver positions are depicted schematically in Fig. 2. 

 
Fig. 2. Horizontal slice of the model (right) and the vertical slice of the model (left) based according to [Frankel, 
1993] 
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Table 1. Elastic parameters of geological layers 

Depth range, km P-wave velocity, km/s S-wave velocity, km/s Density, kg/m3 

0–1 1.1 0.6 2000 

1–3 3.5 2.0 2600 

3–7 5.0 2.9 2600 

 
Figure 3 shows a comparison of our numerical simulation results with the data provided in 

[Frankel, 1993]. It is clearly seen that the dynamic and kinematic characteristics of first arrivals were 
reproduced well. Differences in the further signal may be due to the different orders of numerical 
schemes used, and some discrepancy was obviously introduced by the digitization of source/receiver 
positions from the figures placed in the reference paper. 

 
Fig. 3. Comparison of Vx at the day surface at a distance of 7.7 km from the earthquake epicenter. Reference data 
were used from [Frankel, 1993] 

Secondly, a reproduction of the computer experiment carried out by Robert W. Graves [Graves, 
1996] using staggered-grid finite difference was performed. The single-layered model with P-wave 
4000 m/s, S-wave 2300 m/s and density 1800 kg/m3 was modeled. Its spatial size was 100 × 100 × 25 km. 

The double-couple model with the magnitude 5e12, fault orientation 0,
2

2 ,
2

2⎛ ⎞
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⎝ ⎠
 and the slip direction 

0, 2 ,
2

2
2

⎛ ⎞
⎜ ⎟⎜ ⎟
⎝ ⎠

 was investigated. The source spatial position was at the point (50 km, 45 km, 2.5 km). 

Time dependence was used as a triangle function with 45 degrees and duration 2 s. The parallelepiped 
mesh with spatial size 250 m was generated. The time step was 25 ms and a total of 16 s was simulated. 
To compare the results, the Z-component of the velocity vector was measured at the point (55 km, 50 km) 
at the day surface. 

Figure 5 shows a comparison of our numerical simulation results with the data provided in 
[Graves, 1996]. The main peak was reproduced well by time and amplitude too. Differences in the 
registered signals may be due to the different orders of numerical schemes used. It should be noted 
that the authors developed the calculation on the staggered grid, so their source contains not 6, but 
27 mesh nodes. 
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Fig. 4. The horizontal slice of the model (left) and the vertical slice of the model (right) based according to 
[Graves, 1996] 

 
Fig. 5. Comparison of Vz. Reference data were used from [Graves, 1996] 

 

Conclusions 

This paper is concerned with the study of the problem of seismic wave propagation during the 
earthquake initiation process in the geological massif. The widely used geological model, called the 
“double-couple” model, was successfully combined with the numerical grid-characteristic method on 
parallelepiped meshes in the full-wave 3D case. This method was previously applied to simulate seis-
mic responses from complex heterogeneous media: multilayered geological massifs, fractured gas-
filled and fluid-filled regions, etc. Also, it was used to estimate the seismic resistance of ground facili-
ties with the “slip along the fault” source model. The significant drawback of this approach is the ina-
bility to set correctly spatial sizes of the disturbed region. In this work, it was eliminated by taking into 
account a more reliable source model. 

The proposed method was successfully applied to multilayered geological models. The results of 
numerical simulations were compared with data obtained by other authors. They are in a good agree-
ment in general. Some discrepancies may be explained by differences in numerical methods used and 
some inaccuracy of calculation parameters in publications. Further research may be directed to sup-
porting more complex physical models of geological media, for example, a poroelastic model. It may 
increase the reliability of simulations. 
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