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This paper provides an overview of studies on nonlinear supratransmission and related phenomena. This effect consists
in the transfer of energy at frequencies not supported by the systems under consideration. The supratransmission does not
depend on the integrability of the system, it is resistant to damping and various classes of boundary conditions. In addition,
a nonlinear discrete medium, under certain general conditions imposed on the structure, can create instability due to external
periodic influence. This instability is the generative process underlying the nonlinear supratransmission. This is possible when
the system supports nonlinear modes of various nature, in particular, discrete breathers. Then the energy penetrates into the
system as soon as the amplitude of the external harmonic excitation exceeds the maximum amplitude of the static breather
of the same frequency.

The effect of nonlinear supratransmission is an important property of many discrete structures. A necessary condition
for its existence is the discreteness and nonlinearity of the medium. Its manifestation in systems of various nature speaks
of its fundamentality and significance. This review considers the main works that touch upon the issue of nonlinear
supratransmission in various systems, mainly model ones.

Many teams of authors are studying this effect. First of all, these are models described by discrete equations, including
sin-Gordon and the discrete Schrodinger equation. At the same time, the effect is not exclusively model and manifests itself in
full-scale experiments in electrical circuits, in nonlinear chains of oscillators, as well as in metastable modular metastructures.
There is a gradual complication of models, which leads to a deeper understanding of the phenomenon of supratransmission,
and the transition to disordered structures and those with elements of chaos structures allows us to talk about a more
subtle manifestation of this effect. Numerical asymptotic approaches make it possible to study nonlinear supratransmission
in complex nonintegrable systems. The complication of all kinds of oscillators, both physical and electrical, is relevant for
various real devices based on such systems, in particular, in the field of nano-objects and energy transport in them through the
considered effect. Such systems include molecular and crystalline clusters and nanodevices. In the conclusion of the paper,
the main trends in the research of nonlinear supratransmission are given.
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B nmanHoit pabore npuBOANUTCS 0030p NCCIIENOBAHMUM, MOCBSIICHHBIX HEIMHEHHOM CylpaTpaHCMUCCHH M COITyTCTBYIO-
UM sBiIeHusM. JlaHHbIi 2 ekt 3axioyaeTcs B nepefade SHEpriuy Ha 4acToTax, He TOJIeP’KUBAEMBIX PacCMaTpUBACMBIMH
cuctemamu. CymnparpaHCMUCCHSI HE 3aBHCUT OT HHTETPHPYEMOCTH CHCTEMBI, yCTOWYMBA K JEMI(UPOBAHUIO M PA3THIHBIM
KJlaccaM TI'paHMYHBIX ycioBuid. Kpome Toro, HenmHeHHas IUCKpeTHas cpela MpU HEKOTOPBIX OOIIMX YCIOBHUSX, HAKIaIbl-
BaEGMBIX Ha CTPYKTYPY, MOXKET CO3/aBaTh HEYyCTOHIMBOCTH, OOYCIOBICHHYIO BHEIIHUM IIepUOIMYecKuM Bo3zeicTBreM. OHa
SBIISIETCS] TIOPOJKAAIONIMM TIPOIIECCOM, JISKAIIUM B OCHOBE HEIMHEHHOW CyMpaTpaHCMHUCCHH. DTO BO3MOXKHO, KOTJa CHCTe-
Ma TIOJJICP’KUBACT HEJIMHEHHBIE MOJBI PA3INYHON IPHPOJIBI, B YACTHOCTH JUCKPETHBIE Opu3epbl. Toraa SHeprus NpoHUKAeT
B CHCTEMY, KaK TOJIBKO aMIUTHTY/a BHEIIHEr0 rapMOHHYECKOTO BO30YXK/ICHUS IIPEBBIIACT MAKCUMAIbHYIO aMIUIUTYIy CTaTH-
YeCcKoTo OpH3epa TOH JKe JacTOTHI.

DddexT HeNMMHEHHON CynpaTpaHCMUCCHU SIBIISIETCSI BXKHBIM CBOWCTBOM MHOTHX JHCKPETHBIX CTPYKTYp. HeobGxomu-
MBIMH YCIOBUSIMU JJISL €IO CYLIECTBOBAHUS SBIIAIOTCA AUCKPETHOCTb U HENMHEHHOCTh cpeibl. Ero mposiBieHue B cUCTeMax
Pa3IUYIHON MPUPOABI TOBOPUT O €ro (yHIAMEHTATbHOCTH M 3HAYMMOCTH. B TaHHOM 0030pe paccMOTPEHBI OCHOBHBIE PaOOTEI,
3aTparuBarollie BOIPOC HEJIMHEHHON CyNpaTpaHCMUCUM B PA3IMYHBIX CHCTEMaX, IPEUMYILECTBEHHO MOJEIbHBIX.

MHoOruMH aBTOPCKHMH KOJJIGKTHBAMH BEIyTCSl HCCIIEN0BaHMs JaHHOTO Y dexra. B mepByro ouepens 3T0 MOJEIH, OIH-
ChIBaeMbIe JUCKPETHBIMH YPAaBHEHHSIMH, B TOM 4HCIIE Sin-IopaoHa M TUCKPETHBIM HEIWHEHHBIM ypaBHeHueM llpénunrepa.
ITpu >ToM 3 deKT He ABIAETCS MCKIIOYUTEIBHO MOJCIBHBIM U IPOSIBISICT ce0sl B HATypPHBIX YKCHEPUMEHTAX B DIEKTpHUE-
CKHX IIETISIX, B HEJIMHEHHBIX IIEMOYKaX OCIHIUIATOPOB, a TAKXKE B MeTacTaOMIBHBIX MOAY/IBEHBIX MeTacTpykTypax. [Iponcxoaut
MOATAIHOE YCIOKHEHHE MOJENEH, 4To MPUBOIUT K Oonee ITyOOKOMY MOHMMAHMIO SIBIEHHS CYNpPaTPaHCMHCCHH, a TIEPEexXo
K pasymopsJOYCHHBIM U C 2JIEMEHTAaMHU Xaoca CTPYKTypaM HMO3BOJISIET TOBOPUTE O 60Jiee TOHKOM HPOSIBICHHU JTaHHOTO 3 dek-
Ta. YuCIIEeHHBIC aCUMITOTUYECKUE IIOIXO/b] II03BOJISIIOT UCCICI0BATh HEIMHEHHYIO CYIIPaTPaHCMHUCCHUIO B CIOKHBIX HEUHTE-
TPUPYEMBIX CHCTEMAaX. YCIOKHEHHNE BCEBO3MOXKHBIX OCIMIIIATOPOB, KaK (DM3MIECKHUX, TaK U SIEKTPHIECKUX, aKTYaIbHO UL
Pa3IMYHBIX PEaNbHbIX YCTPOHCTB, 6a3upyoMmuXcs Ha MOZOOHBIX cucTeMax. B ToM unciie B 061acT HAHOOOBEKTOB M TPAHC-
MOpTa YHEPTUY B HUX IIOCPEICTBOM paccMarpuBaeMoro sd¢exra. K takum cucreMam OTHOCSTCSI MOJICKY/ISIPHBIC, KPHCTAIUIH-
YEeCKHe KIacTephl U HAHOYCTPOUCTBa. B 3akimroueHnn padoThl IPHBOIATCS OCHOBHBIC TCHICHLIUH UCCICIOBAaHUN HETMHEHHOM
CyIpaTpaHCMUCCHU.

KiroueBble cioBa: HeMUHEWHas CyNpaTpaHCMUCCUS, COIMTOH, AUCKPETHBIN Opusep, HeMUHeWHas
JUHAMMKA PEIeTOK, HH(PaTpaHCMUCCHUS], YeIMHEHHAasl BOJIHA, KOMIIbIOTEPHAsE MOJIEIb
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1. Introduction

Nonlinear discrete structures can generate many different effects due to the nature of the
connections of the particles of the system. This review considers the achievements of research on
the effect of nonlinear supratransmission (NST). The essence of this effect is to transfer energy at
frequencies not supported by the systems under consideration. The first publication devoted to this
problem is the work of F. Geniet and J. Leon published in 2002 [Geniet, Leon, 2002], the foundations
for which were laid a year earlier in [Caputo, Leon, 2001]. In this paper, a rule was formulated for
excitation of waves in a discrete chain for energy transfer at frequencies outside the spectrum of the
system. It consists in the fact that energy penetrates into the system as soon as the amplitude of
the external harmonic excitation exceeds the maximum amplitude of the static breather of the same
frequency.

Here, one should turn to the concept of a discrete breather (DB) for a more detailed understanding
of the energy transfer mechanism. In the general case, DBs are understood as spatially localized, strictly
periodic high-amplitude oscillatory modes in nonlinear discrete systems [Flach, Willis, 1998]. The
existence of DBs as time-periodic solutions localized in a discrete space was first rigorously proven
in [MacKay, Aubry, 1994] for infinite chains of locally diffusion-coupled nonlinear oscillators. This
phenomenon has been the subject of numerous works covering theoretical, applied, and experimental
aspects [Aubry, 1997; Flach, Gorbach, 2008; Manley, 2010; Zakharov, Korznikova, Dmitriev, 2017,
Abdullina et al., 2019]. The variety of systems supporting DBs has led to a discussion of their
contribution to various properties of discrete structures, including macroscopic ones [3axapoB u mp.,
2016; Savin, Korznikova, Dmitriev, 2022; 3axapoB u ap., 2017]. For example, one of the latest works
shows the contribution of breathers to the heat capacity of crystals [Singh et al., 2021].

There are many different types of DB. Discrete breathers can be classified according to a number
of features: size factor, symmetry, mobility, type of nonlinearity, etc. For example, zero-dimensional,
one-dimensional, two-dimensional and three-dimensional excitations. It is possible to obtain both
stationary and moving discrete breathers [Cuevas-Maraver, Chacon, Palmero, 2016]. According to
the type of nonlinearity, one distinguishes between DBs with hard and soft types. The first includes
excitations, when the oscillation frequency increases with the amplitude. Such discrete breathers can
be detected in the form of modes above the optical branch of the phonon spectrum, or when high-
amplitude vibrations of the heavy lattice component are excited, and the vibration frequency is split off
from the acoustic branch into the band gap of the spectrum [Korznikova et al., 2020].

In the context of the problems under consideration, it is necessary to speak about discrete
breathers in complex systems, both in real and model ones, with some reservation. The fact is that
an object strictly periodic in time is obtained in numerical simulation or a full-scale experiment only
in the case of ideal adjustment of the initial conditions of the Cauchy problem to a certain manifold
of low dimension in a multidimensional space of all possible initial values of the coordinates of
individual particles and their velocities [Chechin, Dzhelauhova, Mehonoshina, 2006]. Such a fine tuning
is difficult to implement even in a computational experiment. Moreover, it is practically impossible to
do this when setting up any physical experiments, especially in cases where breather-like objects arise
spontaneously [Ryabov et al., 2020; Shepelev et al., 2020; Sato, Hubbard, Sievers, 2006]. More details
about the nature of discrete breathers can be found in review papers on this topic, for example, in the
work of Dmitriev et al. [[Imutpues u np., 2016].

Thus, F. Geniet and J. Leon emphasize the role of localized excitations in the transfer of energy
into the depth of the system from the source of periodic action. Developing this topic in his subsequent
works [Geniet, Leon, 2003; Leon, 2003; Leon, Spire, 2004; Leon, 2007], the authors conclude
that the revealed effect is universal and can be extended to any discrete systems with a forbidden
frequency band of various nature. The supratransmission does not depend on the integrability of the
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system, it is resistant to damping and various classes of boundary conditions. In addition, a nonlinear
discrete medium, under certain general conditions imposed on the structure of the nonlinearity, can
create an instability of the damped profile due to an external periodic action. This instability is
the generative process underlying the nonlinear supratransmission. This is possible when the system
supports nonlinear modes of various nature.

A more extended approach to nonlinear discrete structures was carried out in the work on
numerical methods with consistency properties in the energy domain for a class of dissipative nonlinear
wave equations with applications to the Dirichlet boundary value problem [Macias-Diaz, 2009]. It is
shown here that the process of nonlinear supratransmission is absent in media described by undamped
radially symmetric sine-Gordon equations, thus proving that not every nonlinear system with a bandgap
can support this process. Further, a generalization to N-dimensional nonlinear equations is made, which
in various ways express a quantitative model that describes discrete arrays consisting of coupled
harmonic oscillators. By using nonlinear supratransmission, controlled propagation of wave signals
can be achieved. With the development of this direction, nonlinear systems of the most diverse nature
were studied, a large number of models and theories were built, which we will turn to in the following
sections of this review.

2. Mathematical models and the essence of the supratransmission effect for
various discrete systems

The first models were the simplest one-dimensional chains of oscillators. The work [Geniet,
Leon, 2002] considers the sin-Gordon chain:

ii, — ¢*(u,, | — 2u, +u, ) +sinu, = 0. (1)

The following boundary conditions were imposed: n > 0 (i.e., a semi-infinite straight line),
uy(1) is the harmonic function of the external action on the edge of the oscillator chain, u,(0) are the
initial coordinates and i, (0) is the velocity. Under these conditions, the equation has an exact stationary

solution in the form of a breather, found using the inverse scattering problem [3axapos u jap., 1980]:

V1 — w? cos(wt)
wcosh(\/l - wzx) ’

u = 4 arctan

2

for which the dispersion relation will have the form: w? = 1 + 2¢%(1 — cos(k)).

By varying the initial conditions, it is possible to achieve a situation in which energy transfer
occurs at forbidden frequencies for a given system. It is important to note that discrete breathers
accumulate the energy of external action. The occurrence of the effect of supratransmission is possible
at amplitude values exceeding a certain threshold value.

Similar results were obtained for the nonlinear Klein—Gordon chain, where the system is
described by the Hamiltonian

2
H, = %uﬁ + i = 0, + V). 3)
Here, the authors of [Geniet, Leon, 2002; Geniet, Leon, 2003] have shown that there is
a supratransmission effect, despite the fact that the model does not have an exact solution in the
form of a discrete breather. In [Leon, 2003], as the reasons for the manifestation of this effect, they
speak of an unstable state generated by an external periodic action. This instability is the generative
process underlying the nonlinear supratransmission. In this paper, we consider a number of models
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based on the exponential potential and the Eckart potential, as well as the previously considered sin-
Gordon model. Both in this work and in the subsequent one [Leon, Spire, 2004], the discussion of the
appearance of instability and, as a consequence, the appearance of a soliton-like perturbation continues.

In 2021, for the first time, the NST phenomenon was shown to be present in time-fractional
damped sine-Gordon equations. However, completely in the fractional version of the wave that passed
into the medium, it attenuates even when the NST effect appears [Macias-Diaz, 2021; Macias-Diaz,
Bountis, 2021]. For a model similar in meaning [Pechac, Frazier, 2021], we numerically study the
NST phenomenon in an active nonlinear system modeled by a one-dimensional/two-dimensional
discrete sine-Gordon equation with nonlocal feedback. The authors found that two modes can manifest
themselves. One with a single threshold in amplitude, the second, in the case of nonlocal feedback,
shows the presence of several thresholds in amplitude for the manifestation of supratransmission.

The conclusions made in [Geniet, Leon, 2003; Leon, 2003; Leon, Spire, 2004; Leon, 2007] led
to models based on the discrete nonlinear Schrodinger equation [Khomeriki, 2004; Susantot, 2008;
Tchinang Tchameu, Tchawoua, Togueu Motcheyo, 2016], as well as to the prospects for the practical
application of this effect in optical waveguides. It is shown that the array of optical waveguides can
become transparent to the beam if its intensity exceeds a certain threshold value. Let us consider in
more detail the results obtained for this case. Let’s write the Schrodinger equation

sad 20y [Py =0 = Ae'™ 4
l@z +‘//j+1+‘//j_1+ |lﬁ]| ‘//j— s Yy =Ae™, “4)

where z is time, A is the amplitude, A is the frequency of the external action [Khomeriki, 2004].

Modeling the proposed system, varying the parameters of the external influence [Khomeriki,
2004], the corresponding dependencies were obtained, indicating several possible scenarios for the
evolution of the system. If the frequency of exposure was not included in the forbidden region, then
the perturbation propagated in the system, gradually fading away. In the case of the frequency of
the forbidden region, but not at a sufficiently large amplitude, discrete breathers were excited in the
vicinity of the external action, without penetrating into the remote regions of the array of optical
waveguides. Thus, the effect of supra-transmission through the band gap exists if there are dynamic
localized solutions in the system. These objects can be moving discrete breathers [Khomeriki, 2004;
Mandelik et al., 2003].

The complication of models of physical systems, on the one hand, leads to the impossibility
of an analytical search for a solution that would make it possible to explicitly predict and, using
mathematical modeling, study the NST effect for such systems, on the other hand, more complex
systems include a greater variety of forms and features of nonlinear effects. The work [Anghel-
Vasilescu et al., 2010] also considers the Schrodinger equation. Its example shows the effectiveness
of the proposed asymptotic method for studying the properties of supratransmission and solitons. This
made it possible to solve the problem of determining the NST threshold in nonintegrable N-component
systems by obtaining an asymptotic solution based on a linear damped soliton profile, which depends
on N parameters, as well as by zeroing the Jacobian for such a system. Developing this approach
in [Yu, Wang, Tao, 2011], the authors propose a method for generating and studying the dynamics of
spatial light solitons in a birefringent medium with a quadratic nonlinearity. As an example, a LiGaTe,
crystal is considered. The generation of a birefringent soliton appears as a special nonlinear effect that
allows light to penetrate and propagate in the form of localized beams. In [Togueu Motcheyo et al.,
2017], it was shown for the first time that the supratransmission threshold can be found for a discrete
nonlinear Schrédinger equation modeling optical waveguide arrays with Kerr nonlinearity by using the
2D map approach. Recent studies of systems based on the discrete Schrodinger equation are devoted
to studying the formation of dark solitons [Togueu Motcheyo et al., 2019]. The possibility of creating
devices for generating discrete slot solitons is emphasized.
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The next important model is the consideration of Josephson junctions. At the moment, the study
of the effect of energy supertransfer in such systems is considered in detail in three works [Chevriaux,
Khomeriki, Leon, 2006; Macias-Diaz, Puri, 2008b; Macias-Diaz, 2017b]. Let us consider in detail
the model of [Macias-Diaz, Puri, 2008b]. It studies the differential equation, which is a variation of
equation (1):

it, — c*Au, +y,it, +sinu, =1, %)

where it is assumed that y and ¢ are positive real numbers. At its core, y is an external damping

coefficient, and c is called the coupling coefficient. The model contains N Josephson junctions, which

are subject to the boundary conditions u,(0) = 0, d;t” ©0)=0forl <n<Nandu,—u = @, u

—uy =0 for 7 € (0, +00). At the same time, y, =y forn <N, y, =y + %. R is output impedance. The
value of N is large enough to represent the array of contacts as infinite. The numerical solution was
carried out by two different methods, which gave good agreement. In addition, an analytical expression
is obtained for the minimum amplitude at which the NST effect manifests itself: A, = 2¢ (1 - wz). The
authors also discovered infratransmission, the possibility of which was first predicted in [Chevriaux,
Khomeriki, Leon, 2006], which in fact represents the transfer of energy into the system at amplitudes
somewhat lower than for supratransmission. According to the data obtained for the system under
consideration, the difference was about 28 % [Macias-Diaz, Puri, 2008c].

Further development of studies on the effect of supratransmission in Josephson junctions is
presented in a 2017 paper [Macias-Diaz, 2017a; Pifa-Villalpando, Macias-Diaz, Kurmyshev, 2019],
where a generalization is made using discrete Riesz differential operators. The simulation revealed the
presence of nonlinear hysteresis loops for various noninteger orders of the fractional derivative. This
shows that the nonlinear bistable mode in the classical Josephson transmission line is preserved in
the presence of fractional orders. As a mathematical application, the authors of [Macias-Diaz, 2017b]
suggest using the hysteresis phenomenon for controlled signal propagation in fractional Josephson
lines. One of the latest studies in this direction is devoted to the generation of breathers using controlled
magnetic pulses [De Santis et al., 2022].

An important task was the problem of transition to two spatial variables with Neumann or
Dirichlet boundary conditions. It is discussed with some variations in a number of works by Macias-
Diaz et al. [Macias-Diaz, 2008b; Macias-Diaz, 2008a; Macias-Diaz, 2008c; Macias-Diaz, Medina-
Ramirez, Puri, 2009; Macias-Diaz, Ruiz-Ramirez, Flores-Oropeza, 2009; Macias-Diaz, Puri, 2008a;
Macias-Diaz, 2009; Ruiz-Ramirez, Macias-Diaz, 2010; Macias-Diaz, Jerez-Galiano, 2010; Macias-
Diaz, 2011; Macias-Diaz, 2017a]. On the whole, it is in full agreement with the one-dimensional case.
We emphasize that an article [Bountis, 2020] was published in 2020 in which the results of a number
of studies for one-dimensional cases are structured, generalizing the results of many researchers. The
author says that it is still necessary to carry out a local and global analysis of the stability of simple
periodic oscillations in order to identify the regions of energy and parameters associated with globally
stable motion, as well as regimes of strong and weak chaos.

The search for interpretations of the mechanisms led to the study of systems with more
specific conditions, which expanded the variety of manifestations of this effect. In [Bodo et al.,
2009], equation (1) is considered for amplitudes below the threshold values for the occurrence of
supratransmission. However, a result was obtained indicating the possibility of the occurrence of
moving discrete breathers in the presence of white noise. It is shown that noise can trigger the
supratransmission effect below its deterministic threshold with a set probability. After analyzing various
noise parameters, it was found that there is an appropriate noise level that ensures the existence of
breather modes with the best coherence [Bodo et al., 2010; Bodo, Morfu, 2013]. In the modified
Klein — Gordon and fifth-order sine-Gordon models, including both the classical linear connection and
the nonlinear connection, their contribution to this effect was studied [Alima et al., 2017; Malishava,
Khomeriki, 2015].
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The possibility of energy transfer over considerable distances in model systems and the
implementation of this process through localized standstills in the form of soliton waves or dynamic
discrete breathers led to the idea of the possibility of heat transfer from a less heated area to a hotter
one through the phenomenon of supratransmission [Ai, He, Hu, 2010]. The first model was a Frenkel —
Kontorova chain, on which the boundary conditions characteristic of the supratransmission effect were
imposed. The system in this case was described by the Hamiltonian

2
i1 2
H = § oy k(x —x . — — 2nx.) — 6x.F
i > + 2k(xl Xy —a) @02 cos(2mx;) — ox;F (1), (6)

where x; and p, are, respectively, the position and momentum of the particle, m is the mass of the
particle, k is the coupling constant, a is the equilibrium distance between the particles, V is the
amplitude of the local potential, § is the Dirac delta function. The external harmonic effect was given
by the function F(r) = A sin(wr), where A, is the amplitude, and w is the frequency. The authors
observed the occurrence of a resonant phenomenon of heat flow. It has been established that there is
a value of the excitation frequency at which the heat flux takes on a maximum value. Naturally, the
value of this frequency is determined by the parameters of the model.

The most important conclusion in the work is that heat can be pumped from a low-temperature
region to a high-temperature one, by appropriately adjusting the external influence on the system. In
contrast to other models, it is demonstrated here that there is no amplitude threshold for the NST effect
in a thermostat.

Continuing the question of crystal lattices, it was shown in [Yu, Wang, Tao, 2011] that a nonlinear
resonance on impurities makes a localized excitation (usually a discrete breather) unstable, which leads
to the emission of solitons, which looks completely different than in the case of direct excitation of
homogeneous nonlinear systems without impurities. This approach makes it possible to create solitons
at small values of the force of a harmonic external action. Also, a feature of such excitations is the low
speed of their propagation, which can be controlled by the parameters of external influence.

Models of electrical circuits have also led to the discovery of the effect of nonlinear
supratransmission in them. Such model systems support a wide range of phenomena. In particular,
in [Kenmogne et al., 2015], using the exact discrete equations of the network and the extended
nonlinear Schrédinger equation, the generation of solitons was discovered, the threshold value of the
signal amplitude was calculated, at which a pulsed soliton is emitted into the network. Such systems
will be considered in more detail below, since they lend themselves well to natural experiment.

Further development of models with electrical circuits is presented in [Zheng et al., 2018; Zheng
et al., 2019; Mosquera-Sanchez, De Marqui, 2021], where a piezoelectric metamaterial integrated with
bistable circuits is considered. The bistable circuit can be described in this case by the expression

LC,U +RC,U + P(U) = 0, @)

where P is a function of stress and can be explicitly given as P(U) = U — gV, where g is the gain of
a single negative feedback op-amp, and can be calculated as g = 1 + %. Expression (7) is equivalent to
the equation of a mechanical oscillator. In this case, the equilibrium stress can be calculated from the
condition P(U) = 0. Complementing this expression with equations for describing the dynamics of the
piezo-metal material model, one can obtain a system of equations describing the elementary section
of this circuit. The final expressions for computer analysis are too cumbersome to give them in this
review with explanations; the reader can find them in the study [Zheng et al., 2019].

The use of electrical circuits as equivalents in many systems is an effective tool. So
in [Ndjomatchoua et al., 2016], microtubules, which are important biological molecules of living
organisms, are studied using this approach. They play an important role in cell division, the transport
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of organelles within cells, and the processing of electrical signals in neurons. The model is a discrete
circuit including a cubic nonlinear resistance. Nonlinear resistance was used to represent the ion flow
through the nanopores of microtubules. In differential form, the equation describing the dynamics of
the system can be represented as follows:

V, + wy (3LB,V; + (rCy = LB,)) V,, + rB\V} =BV, =V, | =2V, + V, . (8)

This expression is written taking into account Kirchhoff’s laws. The factors B, and B, represent

the nonlinear and linear coefficients, and the terms containing them describe the contribution of the ion
= w,t, and the external influence was determined by the harmonic function V,, = U cos(wt). The system
is considered both with and without dissipation. As a result, infratransmission and supratransmission
were discovered; these nonlinear effects can quite well describe the processes observed in natural
experiments. The authors emphasize, that from a biological point of view, a certain intensity of the
ion flow through the nanopores of microtubules can provide a high frequency of processing electrical
signals by neurons. In addition, infratransmission in microtubules of neurons can be used to explain
why repeated stimulation with a high-frequency magnetic field is able to reduce the motor signs of
Parkinson’s disease.

flux introduced by the nonlinear resistance. In turn, w, = the time is defined dimensionless 7 =

The essence of the NST effect is revealed in discrete structures in violation of periodicity. The
generation of localized states occurs due to a combination of two factors: dispersion and nonlinearity.
In [Yousefzadeh, Phani, 2016], disorder is introduced into the structure due to small changes in stiffness
parameters taken from a homogeneous statistical distribution. The system itself was a nonlinear periodic
structure of finite length with weakly connected nodes. The authors showed that, although in some cases
the amplitude threshold for the NST differs, in general, this value is robust to disorder when averaged
over the entire ensemble. For harmonic excitation far from the edge of the allowed frequencies of the
system, the increase in disorder has little effect on the transmitted energy.

3. The effect of supratransmission in molecular dynamics models

In this section, we consider models based on the molecular dynamics method. The application of
this approach makes it possible to study many nonlinear effects in realistic structures, for example, in
the crystal lattices of real alloys. The study of a two-dimensional model of the Pt;Al alloy [Mensenes
u jap., 2011] can be attributed to the first work in this direction. The interaction of particles was
described by the Morse pair potential: (,o(rl.j) = DBe Vi (e i — 2), where D is the energy parameter
corresponding to the depth of the potential well, @ is the parameter that determines the rigidity of
interatomic bonds, r,, is some averaged equilibrium distance over the coordination spheres, in which
the interaction between atoms is taken into account.

r..
ijle

However, in this work, the NST effect was not explicitly distinguished. In this case, the excitation
of discrete breathers near the impact zone is shown, which was carried out as follows: u[i] = u [i] +
+u, sin(O.wat)z, where u,[i] is the horizontal component of the speed of particles with number i. As
a result, periodic excitation of discrete breathers near the impact zone was recorded. The periodicity
of the process indicates that the energy was transferred to the computational cell by means of the
NST. A return to the 3D model of this alloy was carried out in [Uepemauduenko u ap., 2019]. In
this case, the computational cell contained 3 - 10° particles interacting through the potential obtained
by the embedded atom method (EAM-potential), for which the total energy E of the crystal can be

expressed as E = % > @ (r; )+ 2 F(p;), where @;; represents the pair energy between atoms i and j
ijizj i
separated from each other by a distance Tipo and F, is the energy associated with an embedded atom i at
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Figure 1. Dependence of the energy absorbed by the computational cell per atom per picosecond on the frequency
of the external action and the amplitude [Uepeaamuenko u ap., 2019]

a local location with electron density p.. The electron density can be calculated using the formula p, =
= _Z# fj(”,- j), where fj(rl.j) is the electron density in the area of atom i located at a distance ri; from
at(ilrf; J- Periodic exposure was carried out according to the following laws: Z (7) = A sin(wr), Z,(t) =
= A(sin(wr))*> and Z,(1) = Alsin(wr)| along the Z axis with frequencies close to the natural frequencies
of the breathers (6-8 THz), as well as with amplitudes from 0.2 to 0.3 A. Next, the energy absorption
by the remaining part of the cell was analyzed. For an example, Fig. 1 shows the dependence for the
harmonic function. Thus, the result obtained for the three-dimensional case was similar to that obtained
for the two-dimensional one. A detailed consideration of the mechanism of energy penetration into the
depths of the crystal was carried out in [Uepennuuenko u np., 2019].

Pt, Al

(100) z 0 I 0.003
X E eV

Figure 2. Distribution of kinetic energy in crystals Pt; Al and Ni; Al
As already noted, as a result of the action, discrete breathers were excited near the crystal surface,

which, in turn, gave rise to local instability, which was transformed into solitary waves capable of
moving along the crystal. To demonstrate that the NST effect is possible in the presence of a band gap
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in the crystal, a model Ni,Al crystal was analyzed. A comparison is shown in Fig. 2. As a result, it is
possible to observe the appearance of solitary waves in the phonon spectrum for a crystal with a band
gap. In this case, the number of excited waves depends on the time and parameters of the impact.

= —U/(q;/t)..\—:\—Pt
/ \\

Figure 3. Soliton profile in Pt;Al and the profile described by function (9). The amplitude is plotted along the
vertical axis, and the number of the atom in the row is plotted along the horizontal axis

Such a solitary wave, which has a bell-shaped form (Fig. 3), is a soliton, because it is nonlinear,
propagates at a constant speed, and does not interact with other waves when colliding with them [3axa-
poB, Imutpues, Kopsuukoa, 2021]. In the theory of solitary waves in solids [Aspo, Bynbsirun, 2009],
the following solution of the sine-Gordon equation of the form is known:

2a? cosh &2

U 9t = 5>
1) 1 + a2 cosh &2

©)
where € = x — V1, a is the amplitude multiplier, x is the coordinate, V is the speed of the soliton, ¢ is
the time. By selecting the appropriate values of the parameters of this solution, the profile of a solitary
wave is obtained, which is in good agreement with the profile of the resulting soliton in a Pt;Al crystal.

In [3axapoB u ap., 2019] it is shown that such solitary waves can propagate thousands of
nanometers deep into a defect-free crystal without changing shape and speed. This mechanism of
energy transport through the crystal, by means of solitary waves, seems to be one of the most efficient,
and the mechanism for generating such waves is relatively simple.

The study of the dynamics of such waves and their interaction with bulk defects in crystals is
studied in [Zakharov et al., 2020; Yousefzadeh, Phani, 2016]. It has been established that the degree
of energy dissipation by dislocations depends on the mutual orientation of the wave front and the
extraplane of the dislocation. It was shown that the waves under consideration are able to overcome
obstacles whose linear dimensions are greater than their length. The energy of such waves is sufficient
for structural-energy transformations during interaction with the crystal defects under consideration.

Noteworthy is the molecular dynamics study of the excitation of discrete breathers and the NST
effect in a graphene nanoribbon [Evazzade et al., 2017]. Uniform deformation of graphene can lead to
the appearance of a gap in its phonon spectrum, which makes it possible for gap DBs to exist. The
authors obtained a result that indicates the absence of an external influence amplitude threshold for
the manifestation of supratransmission. The linear regime was considered, i.e., with relatively small
amplitudes at DB frequencies. In this case, a frequency range with nonzero power is detected. The
explanation for this effect lies in the fact that such a harmonic shift causes the excitation of DBs at the
interface between the action and the nanoribbon. This leads to the emission of a low-frequency phonon
due to local thermal expansion.
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4. Applied aspects of NST and experimental research

Almost every work, including the first pioneering work, touching upon the issue of nonlinear
supratransmission, assumed practical implementation and application in the scientific or technical field.
One of the first applied aspects of this effect is the construction of sensitive detectors of ultraweak
signals based on the matrix of Josephson junctions [Chevriaux, Khomeriki, Leon, 2006]. The authors
of the work proposed a scheme of such a detector. The work is based on a complete analytical analysis
of bistability in a long Josephson junction and in an array of short junctions. For the first time,
a tool has been obtained that allows one to calculate the threshold amplitude at which a device must
operate in order to become an ultrasensitive detector. [Macias-Diaz, Puri, 2008b] proved that it is
possible to transfer binary information in discrete arrays of Josephson junctions using the nonlinear
supertransmission and infratransmission processes. And in [Macias-Diaz, 2017b] this was proved for
controlled signal propagation in fractional Josephson transmission lines. In the absence of dispersive
and dissipative effects, the model showed high reliability for sufficiently long periods of generation of
single-bit signals, regardless of the distance between the sources [Macias-Diaz, Puri, 2007]. A similar
approach is considered in [Macias-Diaz, 2010; Macias-Diaz, 2008a], where the (2 + 1)-dimensional
Frenkel — Kontorova model was studied.

For systems described by the sine-Gordon equation, the effect can be used for signal processing
purposes to improve the detection of weak noisy signals, thereby building detectors that take into
account the noise [Bodo et al., 2009]. Further, in [Bodo et al., 2010], the authors continued the study
for an electrical circuit controlled by the fifth-order Klein — Gordon equation and experimentally showed
the possibility of signal transmission at forbidden frequencies of this model.

An interesting and promising application of the NST effect can be the development of a heat
pump. The idea was proposed in [Ai, He, Hu, 2010], which we have already discussed. A feature
of practical application is that the effect of thermal resonance does not depend on the size of the
systems under consideration. Therefore, one would expect further developments in relation to thermal
resonance and pumping in various physical systems, for example, in granular systems. One of the latest
works [Cui et al., 2022] is devoted to such objects. It discovered the effect of NST, as well as 4 more
modes of energy transfer. It is emphasized that the results obtained can be useful in the design of
mechanical or other types of flow control. Research is also ongoing on physical pendulums of a more
complex configuration, in the form of coupled pairs of chains of pendulums [Kamdoum Kuitche et al.,
2022]. The authors used both an experimental technique and a numerical experiment. An even more
complex configuration is discussed in [Adile et al., 2021], with an integrated approach to the study of
various modes of a mechanical system, up to the construction of a nonlinear Schrodinger equation using
the perturbation method. The equation is used to search for modulated impulsive and dark solitons as
approximate solutions to the network equation.

An important place in the discussion of systems supporting nonlinear supratransmission is
occupied by metastable modular metastructures. The authors of [Wu, Wang, 2018; Liu, Cai, Wang,
2019; Wu, Wang, 2019; Zhang, Fang, Xu, 2020], numerically and analytically investigate them. It
is shown that in the case of bifurcation instability, the energy transfer coefficient can increase sharply
when the input amplitude exceeds a certain threshold. By intelligently integrating the supertransmission
property into a nonlinear periodic chain with spatial asymmetry, the metastable structure is able to
realize nonreciprocal wave propagation due to the NST effect depending on the direction along the
chain. In this paper, the authors proposed an efficient methodology with great potential for designing
systems with desired adaptable characteristics of nonreciprocal propagation of wave energy, using the
concept of a reconfigurable metastable modular metastructure.

Electrical nonlinear systems are the simplest to implement and amenable to simple modeling.
A number of researchers drew attention to the possibility of the existence and prospects for the
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manifestation of NST in such systems [Tao et al., 2012a; Tao et al., 2012b; Togueu Motcheyo et al.,
2013; Kenmogne et al., 2015; Koon, Marqui¢, Dinda, 2014; Togueu Motcheyo, Tchawoua, Tchinang
Tchameu, 2013].

For example, in [Koon, Marqui¢, Dinda, 2014], a 200-element electric line is studied, in which
solitons are generated and propagate due to the formation of a modulation instability at the boundaries.
The authors note that the resulting solitons are greatly hindered by dissipation, which occurs due to
the imperfection of the electric line components (inductances). However, dissipation does not prevent
the emergence of the process of modulation instability, but strongly affects its development and makes
it difficult to strictly experimentally measure the characteristics of the obtained solitons. In particular,
the authors showed that dissipation prevents the generation of solitons when the excitation voltages are
close to the theoretical NST threshold in the model without it. Accordingly, this imposes restrictions
on the possibility of generating solitons; in order to obtain a clear sequence of solitons, it is necessary
to use components of very high quality in terms of dissipation. The importance of these studies lies in
the fact that it was possible to obtain experimental confirmation of the NST effect in electrical circuits
consisting of only two components: a capacitor and a coil.

The theoretical model of a piezoelectric metamaterial with bistable circuits considered above
was implemented in a full-scale experiment in the same work [Zheng et al., 2019]. Unlike nonlinear
mechanical metamaterials, the nonlinear properties of bistable circuits in the proposed piezo-
metastructure can be easily controlled by adjusting constant voltage sources or changing the gains
of negative feedback operational amplifiers.

The possibility of flexible configuration can be used to organize adaptive nonreciprocal signaling.
In general, the prospects of such systems considered here open up new possibilities for controlling the
transmission of elastic waves.

5. Conclusion

The effect of nonlinear supratransmission is an important property of many discrete structures.
A necessary condition for its existence is the discreteness and nonlinearity of the medium. Its
manifestation in systems of various nature speaks of its fundamentality and significance. This review
considers the main works that touch upon the issue of nonlinear supratransmission in various systems,
mainly model ones.

Based on the retrospective of the study of this phenomenon described above and the results
obtained, we can say that an active search is underway for the practical application of this effect
for various purposes, including scientific ones. The gradual complication of models leads to a deeper
understanding of the supratransmission phenomenon, and the transition to disordered structures with
elements of chaos allows us to speak of a more subtle manifestation of this effect.

A number of promising directions for further research should be identified. These areas primarily
include systems that do not have an exact analytical solution, with the complication of conditions both
for the system itself and for external influences. However, numerical asymptotic approaches make it
possible to study NSTs in them. The study of various physical oscillators will also continue.This, of
course, relevant for various real structures based on such systems. Experimental studies of electrical
circuits of various compositions should be attributed to the same direction. An important direction is
research in the field of nanoobjects and energy transport in them through NST. These are various
molecular and crystalline systems. All this is united by a common trend towards the search for
mechanisms to control energy flows in its various manifestations.
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