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coconut palms. To be more realistic, a stage-structured model with maturation delay and lag in the
implementation of the control measures has been considered in the model. We identify the equilibrium
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1. Introduction

Every species in the real world has a life cycle that is stage-structured, usually consisting
of distinct immature and mature phases with varying biological processes, risk, and sustainable
interactions. Stage-structured population models offer a more realistic framework for examining species
dynamics than unstructured models and were developed as a result of this essential feature. Stage-
structured models have become especially useful in the context of pest management. Numerous pest
species experience developmental transitions or transformations that impact their rates of growth, the
susceptibility to predators, and capacity to produce offspring. The impact of a distinct development
delay in a single-species population model that includes immature and mature stages was investigated
by Aiello and Freedman [Aiello, Freedman, 1990]. Their research showed how rich dynamical
behavior, such as shifts in equilibrium stability and the emergence of oscillations, can result from even
a small maturation delay. Since then, ecological systems have made extensive use of stage-structured
models, particularly in the context of pest management. Designing successful control interventions
requires accurately capturing these transitions. To better understand population behavior under diverse
ecological conditions, many researchers have created and examined stage-structured models with and
without delays [Bandyopadhyay, Banerjee, 2006; Banerjee et al., 2010; Jatav et al., 2014; Singh et
al., 2016; Kumar et al., 2019; Suganya et al., 2024]. Biological realism in pest modeling is essential
not only for theoretical accuracy but also for practical implementation in the field. For instance, while
adults are mainly in charge of reproduction and spread, juvenile stages are frequently more susceptible
to external influences or natural enemies. Decisions regarding the timing and kind of interventions, such
as the use of pesticides, habitat management, or biological control, can be influenced by knowledge of
how pest populations move through these phases. This emphasizes how stage-structured modeling is
becoming more and more important in the context of integrated pest management, which uses a mix of
biological, cultural, mechanical, and informational techniques to promote sustainable agriculture and
lessen the dependence on chemical pesticides [Zhou et al., 2024].

Biological control agents, especially parasitoids, have been successfully used to combat a range
of agricultural pests and are an essential part of integrated pest management [Dhaliwal, Arora, 1996]. In
contrast to predators, parasitoids frequently target particular stages of the pest’s growth and ultimately
kill its host in order to finish their entire life cycle. They are excellent options for incorporation in
stage-structured models because of their unique characteristics. If the time frame and amount of release
are carefully considered, the introduction of parasitoids can dramatically lower the number of pests
while maintaining the sustainability of the environment [DeBach, Rosen, 1991]. Awareness-based
interventions are receiving more attention as a supplemental control measure to biological control.
These encompass teaching farmers and other interested parties about pest identification, monitoring,
control techniques, and the advantages of environmentally friendly practices [Khan et al., 2013].
Various mathematical models have been proposed by researchers to study the impact of awareness-
based measures in pest management and adulteration control [Al Basir et al., 2018; Al Basir et al.,
2019; Al Basir, 2020; Abraha et al., 2021; Mathur et al., 2021].

The motivation for this study arises from the increasing threat posed by the Rugose Spiraling
Whitefly (RSW) (Aleurodicus rugioperculatus) to coconut plantations, particularly in tropical and
subtropical regions. First reported in India in 2016, RSW has become a significant pest, severely
affecting coconut trees by feeding on plant sap and producing copious honeydew, which fosters
the growth of sooty mold and disrupts photosynthesis [Selvaraj et al., 2017]. According to field-
based surveys and entomological studies, the life cycle of RSW comprises distinct stages — eggs,
multiple nymphal instars, pupae, and adults — each with specific biological roles and vulnerabilities.
For instance, the nymphs and adults feed on plant sap, while the eggs and pupae are largely sessile
but contribute to rapid population growth under favorable conditions [Saranya et al., 2021]. This
well-defined stage structure makes RSW an ideal candidate for stage-structured modeling approaches,
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particularly when designing targeted pest control strategies. Because of its protective waxy spirals
and high fecundity, the pest is especially challenging to manage with traditional pesticides [Elango,
Nelson, 2020]. As a result, farmer awareness campaigns in conjunction with biological control
employing parasitoids like Encarsia guadeloupae have become a viable and ecologically conscious
strategy [Rao et al., 2018; Selvaraj et al., 2020; Suriya et al., 2021]. Parameter values have been
chosen based on biological and field data unique to the RSW coconut system in order to guarantee
the model’s practical relevance. A key novelty of this work is the incorporation of two realistic
time delays governing the dynamics of rugose spiraling whitefly and coconut palms. The maturation
delay captures the time required for RSW to develop into reproductive adults, influencing population
growth and oscillatory behavior. The awareness delay represents the lag between the implementation
of management awareness programs and their effective impact on coconut pest control. Mathematical
models for the population dynamics of RSW in coconut trees have been proposed primarily using
systems of ordinary differential equations (ODEs) [Govindaraj, Rathinam, 2022; Suganya, Senthamarai,
2022a; Suganya, Senthamarai, 2022b]. These models typically focus on pest growth, spread, and
interactions with environmental factors or control agents. However, most of these models do not
incorporate time delays. Delay differential equations (DDEs) provide a natural framework for modeling
biological and ecological systems where time lags play a critical role in the dynamics [Hale, 1969;
Huang, 1993; Santra et al., 2023; Dhivyadharshini, Senthamarai, 2024; Ismail et al., 2024]. This present
study refines upon earlier work by introducing a delayed stage-structured model that better reflects the
temporal complexities.

The structure of the paper is as follows. Section 2 presents a mathematical model of the system.
Section 3 discusses positivity, boundedness, and equilibrium analysis, including the basic reproduction
number. Section 4 provides a sensitivity analysis of the parameters. Section 5 presents numerical
evidence of the analytical conditions obtained in the previous sections. Section 6 concludes the
proposed system model.

2. Mathematical formulation of the problem

To derive the proposed model, we consider the population dynamics of rugose spiraling
whitefly in coconut plantations under biological control and awareness-based interventions. Whitefly
populations exhibit a well-defined stage structure consisting of immature stages (eggs and nymphs)
and reproductive adults [Selvaraj et al., 2017; Saranya et al., 2021]. Accordingly, the pest population is
divided into immature pests X(¢) and mature pests Y(¢), following standard stage-structured modeling
approaches [Aiello, Freedman, 1990; Bandyopadhyay, Banerjee, 2006; Kumar et al., 2019].

We assume that mature whiteflies lay eggs at a per capita rate @, contributing to the recruitment
of immature individuals. The immature pest population decreases due to parasitization by parasitoids
at rate ¢ and experience natural mortality at rate d,. Since individuals require a fixed maturation
time 7, to become adults and experience mortality during this period, only a fraction =71 survives
to maturity [Aiello, Freedman, 1990; Bandyopadhyay, Banerjee, 2006]. Thus, the dynamics of the
immature pest population are governed by

% = aY (1) - pX(S () — e Y (1 - 7,) —d, X(1). (1)

The mature pest population increases through recruitment from the immature class after the
maturation delay 7,. It decreases due to natural mortality at rate d, and awareness-based management
interventions at a rate y. The effect of awareness is not instantaneous; hence, we assume that it
becomes effective after a delay 7,, representing the time lag between information dissemination and

implementation of control actions. Hence, the dynamics of the mature pest population are described by
dy(t
# =ae Y (1 - 7)) —dy Y (1) — yA(t — 1,)Y(1). 2)
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Biological control is incorporated through parasitoids, Encarsia guadeloupae, which
preferentially attack early developmental stages of rugose spiraling whitefly and significantly reduce
juvenile survival [Selvaraj et al., 2020; Suriya et al., 2021]. Successful parasitization contributes to
parasitoid reproduction with conversion efficiency ¢,, while parasitoids experience natural mortality at
rate d;. Accordingly, the parasitoid population dynamics represented by S (z) are given by

ds
d—it) = ¢1¢X()S (1) — d3S (1). 3)

In practice, pest management is also influenced by farmers’ awareness and response to infestation
levels [Khan et al., 2013; Abraha et al., 2021; Zhou et al., 2024]. To capture this effect, an awareness
variable A(r) is introduced. We further assume that the level of awareness increases with mature pest
density at rate 4 and through baseline awareness programs at rate r, while it decays naturally at rate 7.
The awareness dynamics are therefore modeled as

% = r+ hY(t) - nAt). (4)

With the above assumptions, the model for the dynamics of rugose spiraling whitefly, parasitoids,
and the level of farmer awareness is given by

PO = v - 4XWS 0 - ae bV 7)) - d X0,
dz_it) = aze_lel Y(t - Tl) - sz(t) - ’}/A(t - TZ)Y(t)’

)
ds
BO _ 5 6X0S 1) - dyS 0.

dt
dA(t
d_i) =r+ hY(t) — nA(r),
with the initial conditions
XW)>0, YY) >0, Sy >0, A@W) >0, (6)

where ¢ € [-7, 0] with 7 = max{r, 7,}.
3. Model analysis

3.1. Positivity and boundedness
Theorem 1. For positive initial data, solutions of system (5) are positive for all t > 0.

Proof. From the third equation of (5),

ds
— = 6,0XS ~d;S.

Integrating and using the initial condition, we obtain

S(H) = SO exp [ f [6,6X00S () — dsS (O] d |
0

This implies S (¢) > 0 for all r > 0 since S(0) > 0. Hence, S () remains positive for all # > 0.
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To establish positivity of A(#), let 7, > 0 be the first time such that A(z;) = 0. From the last
equation of (5), at = ¢, we have

dA
o =r+ hY(t)) —nA(t,) > 0,

which implies A(r) > 0 for all + > 0. Using a similar argument, it can be shown that X(r) > 0
and Y(¢) > 0 for all # > 0. Hence, a solution of the initial value problem (5)—(6) exists in the region R}
and remains nonnegative for all 7 > 0, following the fundamental lemma in [Yang et al., 1996].

Theorem 2. All solutions of system (5) with nonnegative initial conditions are uniformly
bounded for t > 0.

Proof. Define the total pest population by

P(t) =X+ Y. )
Adding the first two equations of system (5), we obtain
dP(t)
el aY(t) —d X(t) —d,Y(t) — pX(D)S (t) — YAt — 7)Y (). (8)
Since all state variables are nonnegative,
dP(t
di ) ¢ aY(t) - d,X(1) — d, Y (1). ©
Letd = min{dl, d2}~ Then
P
d dit) < (@ —d)P(1). (10)
Therefore,
P(1) < P(0)e @, (11)
Hence, there exists a constant
M, = sup (X(s)+ Y(s)e " (12)
se[—,0]
such that
XO+Y®) <M, t>0. (13)
From the fourth equation of system (5),
dA(t
dAw) =r+hY(t) —nA(t) < r + hM| — nA(?). (14)
Therefore,
r+hM,
A(t) < M, := max {A(O), }, t=0 (15)
Similarly, from the third equation of system (5),
ds (1)
e SO ¢X(1) — dy) < SO ¢M| — dy). (16)
Hence,
S(0), if oM, < d5,
S < M; = 17
© 3 {S (0)e?1PM1=B)T - otherwise. an
Further, letting
M = max{M,, M,, M,}, (18)
we obtain
0<X(@®), Y(®),S®), A®) <M, t>0. (19)

Thus, all solutions of system (5) are uniformly bounded in R?.
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3.2. Basic reproduction number

—d, T
nae 11
yr+nd, ©

The system’s basic reproduction number is provided by R, =

The next-generation matrix method is used to obtain the expression for the basic reproduction
number [Heffernan et al., 2005]. Let Z = (X, Y)T.

We write
Z' =F(Z)-V(2), (20)

where
aY

~¢XS —ae Y —d| X
ae iy '

F(Z)=[ ] and V(Z):[ _d,Y — yAY
2

@n

The Jacobian matrix of F(Z) and V(Z) denoted by DF(E,) and DV(E)), at the pest-free equilibrium
point E| respectively, are given as follows:

DF(E,) = 8 aezlm] and DV(E,) = [_g ! :aj__d'%]. (22)
The spectral radius of DF(E | )(DV(E 1))‘1 gives the reproduction number. Thus,
_ nae=hm
O yr+nd,
3.3. Stability analysis of the system
Equilibrium points
We consider the following equilibrium points for the model (5):
(i) The pest-free equilibrium E, (0, 0, 0, #)
(i) The co-existence equilibrium E, (X*, Y*, §*, A*) exists when (H1) is satisfied
where
- d_3 . nae~hm — yry —nd, A - ae~ i — d,
¢, hy ’ y
$* = S (0 om0, ey = g e amgy
+yagd,ry + angp,d, + d1d3)/h]
and
HD): 1, < dilln(yro'i—“ndz) =7y, (23)
The following is obtained by linearizing the system around the equilibrium point:
% =FL(@t) + GL(t — 7)) + HL(t — 7,), (24)
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where F, G and H are 4 X 4 matrices defined as follows:
-¢S* —d, a —pX* 0
0 —d, —yA* 0 0
= .. = 2
F [f;]] ¢1¢S>s 0 ¢1¢X* _ d3 0 ] (25)
0 h 0 -
0 —aec™ 0 0
0 ae™ 0 0
0 0 00
000 O
B {00 0 —yy*
H = [h;] 000 o I (27)
000 O
The characteristic equation of the delay system (5) is given by
L) =[Al - F -G -e'H|=0. (28)
This gives
M a4 a® +ad+ag+ e (b4 + by A% + by d+by) + e (2 + A+ e3) =0 (29)

where,

ay =AY = X'¢p, - fi; +dy +dy + 1,

a, = A'ydy — A"y —A' X yoo, + S*X*(;quﬁ1 + A%yn + nd, + ndy + d,dy—
- fun—fud, = fids — X'ngp, — X*d,pp, + f,, X 69,

as = ndyds — fiyndy = fynds = fiydyds + ST X ¢ p) — X ndyp, +
+ f11X*77¢¢1 + f11X*d2¢¢1 + S*X*d2¢2¢1 + f11A*X*7¢¢1 - A*X*7n¢¢1+
+A'S X yd P, + Aynds — fAMyn = f, A yds,

a, = —fndydy + f,, X' ndy, + S X'ndy8°, + f A X ynd, +
+ A*S*X*7U¢2¢1 - f11A*777d3,

b, = —qe

b, = a/e_lelX*qbqbl - ae‘leln + fllae_lel - ae‘d171d3,

by = —ae™ IS X PP P, — e NIX npp, + f e N TIX P, — f e DT+
+ e nds; — fllae_d171d3,

b, =— (ae‘lelS*X*mﬁqul + f“a/e_lelX*n(ﬁrﬁl - f“ae_"”lnd3),

¢, =Y"yh,

¢y = =(X"Y*yhg, + f,,Y*yh - Y'yhd;),

¢y = S* XY yhd?d, + £, X Y yhop, — f,,Y yhd,.

The stability requirements for the equilibrium E, are discussed below.
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Case I: When 7, =0 and 7, =0
The characteristic equation reduces to

P+ AL+ AN+ A+ A =0 (30)

Where\?{1 =a, +b, A, =a2+b2+c1,ﬂ3 =a, +b3+cz,ﬂ4 =a4+b4+c3.

The roots of the characteristic equation will have negative real parts when A > 0, A, > 0,
A A, - Ay >0 and A A, A, — ﬂg - ﬂ4ﬂ% > 0. Hence, the system (5) around E, is LAS.

Case II: When 7, >0 and 7, =0

Equation (29) becomes

A A+ AP+ A+ A+ e (b4 + by A7+ byd 4+ by) =0, (31)
where A, =a,, A, =a, +c|, Ay =ay+c,, Ay = a, + c;. Now, equation (31) can be written as
P(A, 7)) + O, 7)™ =0, (32)

where P = A* + A\ + A, + A,A+ A, and Q = b 4> + b, 4> + by A +b,.

As above, due to the dependence of the coefficients of the polynomials P(4, 7,) and Q(4, 7,)
on 7,, we apply the geometric criterion of stability switch [An et al., 2019]. For this, the following
conditions should be satisfied.

(i) Equation (32) has no zero root, that is, A, + b, # 0,1.¢.,A, + B,+C,+ D, # 0.

(ii) For A = ik, k € R, P(ik, 7)) + Qik, 7)) # 0, T, € R, i.e, &' = (A, + b)k* + (A, + b)) —
—i{(A, + b = (Ay + by} £ 0.

(ii1)

Op, 7))
P(p, 7))

<

im
lpl—0
when Re(4) > 0 for any 7,.

(iv) F(xk, 7)) = |P(ik, T1)|2 — |Q(ix, T1)|2 for each 7, has at most a finite number of real zeros
which is obvious as F(, 7,) is a polynomial of degree eight.

(v) Each positive root «(7,) of F(x, 7;) = 0 is continuous and differentiable in 7, whenever it
exists. Using the implicit function theorem, we can show that this condition holds. Let 2 = £ + ik, then
equation (32) becomes

O+ ik = 6017 — il + K+ A (8 + 3K =308 — i) +
+ Ay (2 = K+ i20K) + Ay(C + i) + Ay + by (& + B30k =30 — i) +
+by (% = K + i20K) + by({ + iK) + by| €T (cos kry — isinkr)) = 0. (33)

Comparing real and imaginary parts, we have

it =60 + A (8= 308) + Ay (=) + Ayl + Ay + by (8 - 3¢62) +
by (£ = ) + byl + ba| e coskry + [by (37K = &) + 2bylk + byk| — e i sinkr; =0 (34)

and

453K — 40k + A (3{2K - K3) +2A,0Kk + Azk + [b1 (3§2K - K3) +2b,lk + b3/<] X
x e M coskty = [by (£ = 3¢%) + by (= ) + byl + by| e T sinkr; = 0. (35)
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For a purely imaginary root £ = 0, so from (34) and (35):
(b4 - bzkz) COSKT| + (b3/< - bIKS) SinkT; = — (K4 — Ay + A4), (36)
(byk = i) cos kry = (by = byk®) sinkr; = Ak = Agk. (37)
Solving equations (36) and (37), we have

I (* = Ay1% + A) (b = by 3) = (b, = b,k %) (A,6° = Ask) )
1 (byx—b,3)" + (b, = by’ ’

(byx = b,) (A, = Ak) = (by — b,K2) (k* = A2 + A,)

COSKT; = . (39)

(by = by3) + (b, - bys2)’
Squaring and adding equations (36) and (37), we have

F(k, 7)) = &% + (AT = 24, — b7) & + (A + 24, — 24, A5 + 2b, by — b3) k*+
+ A3 = 2A,A, + 2byb, — b3K* + A% — b3 = 0. (40)

Let us assume 7, € I, C R is the set where «(7,) is a positive root of the above equation (40) and
for 7, ¢ I, () is not definite. Now define ¢(7,) € [0, 27) such that sin@(7,) and cos ¢(7,) is given
by the right-hand side of equations (38) and (39).

Now for each n € N, define a map 7(1}1): I, >R
at which

Lo» and stability switch occurs for the 7, values

T(lln)(Tl) =1, for somen
where
0 () + 2nm
T = —-——

b K(T))

for n € N,,. That is, the stability switch takes place at the zeros of the functions

SOy =1, - 7(11,3(71) for some n € N,

Now differentiating (34) and (35) with respect to 7, we get

ac dk
— 4+ p,— + =0, 41
"Dld‘rl ‘Pszl P3 (41)
dc dk
—p. 22 - =0, 42
‘Pszl +901d‘r1 + ¢y (42)

where
o) =40 = 12068 + 34, (£ = K2) + 24,0 + Ay + [3b, (2 = K7) + 2,0+
by = 7,by (&0 = 38k7) + by (7 = K7) + by + by e cos kr +
+ [263by £ + by) = 71D, (387K = &) + 2b,Lk + byk| €T sinkr,

0y = 4" = 120% = 6A Lk = 24k — [2k(3b, L + by) = 71b, (38K — &) +
+2b,k + bak| e cos kry + 3by (£7 = K7) + 2b,L + by—
—-7,b, ({3 - 3{K2) +b, ({2 - Kz) + byl + bye M sinkr,,
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db db db db
_ |71 (3 2 T2 (2 2 3 T4 T _
%’_[drl ({ 3{/<)+d7_1 (( /<)+d7_1{+dT1 e °'1 CosS KT,
- [b1 ({3 - 3{K2) +b, ({2 - Kz) + byl + b4] (¢ coskr + ksinkr))e ¢+
db db db
+ d_‘ri (3{2K - K3) + Zd—T?{K + Tjk] e T sinkr +
+ [b1 (3{2K - K3) +2b,{k + bSK] (k cos kT — ' sin K‘rl)e_‘vTl ,

db b db

@, = [d_'ri (3§2K - K3) + 2d—7_?{/< + TTK] e ¢ cos kT —

_ [b1 (3{2K - K3) +2b,k + b3/<] ({ cos kT| + Kk sin KTl)e_»(Tl _
db, , . o dby  ,  ,\ db, db,
|0 -se) -0 e

dr, e "1 sin kT, +
+ [bl ({3 - 3{’(2) + b, (52 - KZ) + D30 + b4] (¢ sinkt, — kcoskt e <.

Therefore, from equations (41) and (42), we get
ﬁ _ 902<P4 - 901<P3

dr o1+ 93
Hence we have the following theorem:

Theorem 3. Assume that k(t,) is a positive real root of (40), defined for T, € 1,, I, C R, and
at some 7| €1,
S,(11> (T’{) =0 for somen € N,

Then a pair of simple conjugate pure imaginary roots A, (T’f) =ik (T’f ) A_ (T’f) = —ik (T’f) of (34) exists
at T, = 7| which crosses the imaginary axis from left to right if A, (T’{) > 0 and crosses the imaginary

axis from right to left if A, (T*{) < 0, where

dRe(d -
A, (TT) = sign{ ed) } = sign w . (43)
Tt D=i(ey) g1t # A=ik(t?)
Case III: When 7, =0 and 7, > 0
Equation (29) becomes
A4+ al/l3 + az/l2 +azd+a, + e (61/12 + oy + C3) =0. (44)

For the stability changes to occur, we have to show that there exists a pair of purely imaginary roots of
the characteristic equation for a critical value of 7, > 0. Suppose that there exists a purely imaginary
root say iE of equation (44).

We substitute A = iZ in (44) and then, separating the real and imaginary parts, we finally obtain

= - a252 +a, = [5201 — 03] cos 21, — [Ec, ] sin E7,,
; (45)
al.: — 613

o £

= (=2, - n= = =
= [_. o c3] sin 27, + [Ec,] cos E7,.
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By squaring and adding the above two equations

8 6

[1]

+a, 2% + a,Bt + ;B + @, = 0. (46)

Substituting Z* = ¢ in equation (46), we get the following equation:
G0+ 4,0+ 2,0+, =0, (47)
where
A, = a% -2a,, A,=2a,+ a% - 2a,a; — B%,
A3 = 2a4a, + ag +2ci¢5 — c%, Ay = ai — c%.
Let us define H(/) by
HD) =+ 2,0 + 4,00+ 1,0+ 2. (48)

All roots of equation (48) have negative real parts if and only if the Routh — Hurwitz conditions given
in (49) hold. Consequently, the endemic equilibrium E* is locally asymptotically stable for any 7, > 0,
provided that the following conditions are satisfied:

> >0, 4, —2;>0, (44, —A3)A; — 34, > 0. (49)

If 4, <0 Eq. (48) possesses at least one positive root m > 0. Then we find +i \/m to be a root of (46)
corresponding to the delay 75. The endemic equilibrium E* remains stable for 7, < 73, the latter being
a critical value of the delay under which the delayed system (5) remains stable. To determine it, from
Eq. (45) we have

| m’c [alm2 - a3] + (Clm2 - B3) [m

k
T, = — COS
2 m

4 2
—a,m” + D4] 2tn

+ 2=, n=0,1,2,3,... (50)
m

2
(Clm2 - B3) +cam?
Thus, in summary we have the following result.

If 4, < 0 is satisfied the steady-state £* is locally asymptotically stable for 7, < 7 and becomes
unstable for 7, > 7. Furthermore, the system will undergo a Hopf bifurcation at E* when 7, = 7}
provided that

4m® + mm* + mym* + 7y > 0, (51)
with 7, = 3a, - 6a,, m, = 2a, + 4a, — 4a,a, — 20%, Tty = a% - 2a,a, - c% + 2¢, ¢5. Differentiating (45)
with respect to 7,, we get

3 2
dr, 48+ 3(a,&? + 2a2§+a3)e§T2 Lt T )
dé €83+, % + ByE &+, 2+ B¢ €
Hence,
-1 6 4 2
d d dm° + t.m™ +m,m” + 1
sgn [d— Re(f)] = sgn Re(d—'f) } = sgn ! 2 23 . (53)
T =7} T2/ lezim c,m? + [—Clm2 + B3]
Now sgn [d% Re(f)] > 0 if the numerator is positive, i. ., the transversality condition holds (51)
2 T,=T}
and the system underzgoes a Hopf bifurcation at 7, = 7.
Case IV: When 7, =7,=7>0
Equation (29) becomes
M ra B+ a8 +agd+ay+ e (L8 + LA+ LA+ 1) =0, (54)

where [, =b,,l, =b, + ¢, l; =by +c,, 1, = b, +c5.
This analysis is similar to that for case II.
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4. Sensitivity analysis

The effect of different parameter values on the functional value of the basic reproduction
number R, is investigated in this section. Identifying the most influential parameters is crucial, as they
provide effective criteria for pest management strategies. Each parameter of the model significantly
affects the pest dynamics. Hence, a sensitivity analysis of the basic reproduction number with respect
to all model parameters is performed.

The basic reproduction number is given by

—d, T
Ry=T—. (55)
yr+nd,

The partial derivatives of R, with respect to the parameters 7, @, v, d,, d,, and r are computed

as follows:
6R0 a/e_lel ('yr) 6R0 ne_lel 6R0 a/nre_lel
on  (yr+nd,)?  Oa  yr+nd, dy (yr +ndy)*’
6R0 OR anze_lel 6R0 Cy]]'ye_lel

-0 0
ad,

(56)
=T Ry —=m———, —=——

1% od, (yr +nd,)? or (yr +nd,)?
The normalized forward sensitivity (elasticity) index is defined as

_ p IR,

E, = , (57)
P R, dp

where p denotes any parameter.

Accordingly, the sensitivity indices of R, are given by

yr
=—>0,
T yr+nd,
E =1,
yr
=—— <0
yr+nd,
(58)

t
R
I

=-1,d, <0,

_& <0
2 yr+nd,
yr

E =— <.
yr+nd,

It is observed that the sensitivity indices E,, and E, are positive, indicating that an increase in
the pest reproduction rate « or the awareness decay rate 77 leads to an increase in the basic reproduction
number R. In contrast, the parameters v, d,, d,, and r exhibit negative sensitivity indices, implying
that increasing awareness effectiveness, pest mortality, or awareness dissemination reduces the invasion
potential of the pest population.

These results demonstrate that R is most sensitive to changes in the pest reproduction rate and
the maturation delay parameters. Even small perturbations in highly sensitive parameters can lead to
significant changes in pest dynamics. Therefore, careful estimation and control of these parameters are
essential for effective pest management, as illustrated in Fig. 1.
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The sensitivity of the parameters in the BRN
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Figure 1. Sensitivity analysis: plot of sensitivity indices of different parameters affecting the reproduction
number R,

5. Numerical examples

A few representative numerical simulations are presented in this section. The parameter values
used in the simulations are chosen from biologically realistic ranges reported in the literature on rugose
spiraling whitefly, parasitoid dynamics, and awareness-based pest management [Al Basir et al., 2019;
Abraha et al., 2021; Suganya et al., 2024]. These choices are consistent with field observations from
major coconut-growing regions of Tamil Nadu, particularly Pollachi, which has experienced severe
rugose spiraling whitefly infestation [Selvaraj et al., 2017; Rao et al., 2018]. Thus, the simulations
reflect biologically realistic regimes reported in plantation studies. The egg-laying rate @ and the
maturation delay 7, are selected based on documented life-cycle characteristics and fecundity of
rugose spiraling whitefly under tropical climatic conditions [Elango, Nelson, 2020; Saranya et al.,
2021]. The natural mortality rates d, and d, represent environmental and biological mortality observed
in field populations. The parasitization rate ¢ and the conversion efficiency ¢, reflect the effectiveness
of the parasitoid Encarsia guadeloupae in suppressing immature rugose spiraling whitefly stages, as
reported in field studies from Tamil Nadu, including Pollachi [Selvaraj et al., 2020; Suriya et al., 2021].
The initial conditions used in the numerical simulations are assumed as (X(0), Y(0), S(0), A(0)) =
= (0.2, 0.15, 0.1, 0.1) to represent an early-stage infestation with low but nonzero pest density,
parasitoid presence, and farmer awareness. These values ensure biological feasibility of the model and
allow the long-term effects of maturation and awareness delays on system dynamics to be examined
without loss of generality.

From Fig. 2, we see that an increase in the egg laying rate a intensifies pest reproduction,
resulting in higher immature and mature pest densities and a corresponding increase in awareness,
whereas the parasitoid population shows limited growth. Figure 3 demonstrates that an increase in the
maturation delay 7, leads to a slower decline of the immature pest population and a significant decrease
in the mature pest density. This delay in pest maturation indirectly reduces parasitoid abundance due
to limited host availability, whereas the awareness level exhibits a delayed but increasing trend with
larger 7,. Figure 4 highlights the influence of the awareness response delay 7, on the system dynamics.
It is observed that increasing 7, weakens the effectiveness of awareness-based control, leading to higher
mature pest densities and a slower decline of the immature pest population. These results emphasize
the importance of timely awareness dissemination in effective pest management. Figure 5, a, illustrates
the dynamical behavior of system (5) for the parameter set @ = 0.01, ¢ = 0.001, d, = 0.01, d, = 0.02,
dy =0.02, ¢, =0.6, r, = 0.003, h = 0.012, n = 0.015, and y = 0.005, with fixed delays 7, = 30 and
7, = 10. For these values, the basic reproduction number satisfies R, < 1, implying that the pest-free
equilibrium is stable. For @ = 0.05 with the other values being the same, from Fig. 5, b, the numerical
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Figure 2. Time series of immature pests X(f), mature pests Y(z), parasitoids S(¢), and awareness level A(r) for
different values of the egg laying rate a
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Figure 3. Time series of immature pests X(), mature pests Y(z), parasitoids S(7), and awareness level A(r) for
different values of the egg laying rate 7,
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Figure 5. Dynamics of system variables illustrating (a) pest-free equilibrium for «

(b) endemic equilibrium for & = 0.05 (R, > 1)

0.01 (R, < 1) and

simulations show that all state variables converge to a positive equilibrium, indicating the existence
of a coexistence equilibrium where immature pests, mature pests, parasitoids, and the awareness level
coexist. This numerical observation confirms the analytical result that, when R, > 1, the pest-free
equilibrium becomes unstable and the system admits a biologically meaningful coexistence state. From
Figs. 6, a and 6, b, it is observed that increasing either the awareness-induced mortality rate y or the
baseline awareness program rate r significantly reduces the mature pest population Y(#) , demonstrating
the crucial role of awareness-based interventions in pest suppression. From Figs. 7, a and 7, b, an
increase in the parasitization rate ¢ accelerates the reduction of immature pests, whereas a higher
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Figure 6. Effect of awareness-related parameters on the mature pest population Y(¢): (a) effect of the awareness-
induced mortality rate vy, (b) effect of the baseline rate of awareness programs r
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parasitoid mortality rate d; leads to a rapid decline in the parasitoid population. From Figs. 8, a and 8, b,
an increase in the awareness gain rate & enhances the buildup of awareness, whereas a higher fading
rate 77 diminishes the long-term awareness level. For the parameter values considered, the numerical
solutions approach steady states without sustained oscillations, reflecting the stabilizing influence of
parasitoid pressure and awareness-based control through strong negative feedback. Such dynamics are
consistent with regulated pest management scenarios. Overall, the results demonstrate the effectiveness
of awareness dissemination and biological control in curbing pest populations.

Table 1. Parameter descriptions and values used for analysis [Al Basir et al., 2019; Abraha et al., 2021; Suganya
et al., 2024]

Symbol Description Unit Value/Range used
@ Egg laying rate of mature pests pest™! day~! 0.01-0.05
¢ Parasitization rate of immature pests parasite™ day~! 0.0004-0.001
d, Natural mortality rate of immature pests day™! 0.005-0.02
d, Natural mortality rate of mature pests day™! 0.02-0.04
é, Conversion efficiency of parasitoids dimensionless 0.2-0.6
d, Natural mortality rate of parasitoids day™! 0.002-0.03
y Awareness-induced mortality rate of mature pests day™! 0.002-0.008
r Baseline rate of awareness programs day™! 0.001-0.007
h Rate of local awareness increase due to pests day™! 0.005-0.02
n Fading rate of awareness day™! 0.01-0.025
7, Maturation delay of immature pests days 20-40
7, Awareness response delay days 5-30

6. Conclusion

This study has developed a stage-structured mathematical model incorporating key biological
and behavioral delays, namely, maturation delay and delay in awareness spread, to investigate the
control of rugose spiraling whitefly in coconut plantations. By combining parasitoid-based biological
control with awareness-driven interventions, the model provides a realistic and practical framework
for pest management. The present study offers a qualitative theoretical perspective on how maturation
and awareness delays influence rugose spiraling whitefly dynamics. Analytical results and numerical
simulations show that timely biological control and awareness-based interventions can lead to effective
pest suppression, while delays may affect the rate at which the system approaches equilibrium. The
stability analysis identifies threshold conditions for successful control and highlights how delays can
either enhance or hinder control effectiveness depending on their timing. Overall, this work offers
qualitative theoretical insight into stability and control thresholds in stage-structured pest dynamics.
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